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Key (critical) relations preserved by a weak 
near-unanimity function 


Dmitriy N. Zhuk 

Abstract. In the paper we introduce a notion of a key relation, which is similar to 
the notion of a critical relation introduced by Keith A. Kearnes and Agnes Szendrei. 
All clones on finite sets can be defined by only key relations. In addition there is a 
nice description of all key relations on 2 elements. These are exactly the relations 
that can be defined as a disjunction of linear equations. In the paper we show that, in 
general key relations do not have such a nice description. Nevertheless, we obtain a 
nice characterization of all key relations preserved by a weak near-unanimity function. 
This characterization is presented in the paper. 


1. Introduction 

The main result in clone theory is apparently the description of all clones 
on 2 elements obtained by E.Post in muni- Nevertheless, it seems unrealistic 
to describe all clones on bigger sets. For example, we know that we have 
continuum of them. Also, we have a lot of results that prove that the lattice 
of all clones is not only uncountable, but very complicated. 

It turned out that uncountability is not crucial, for example in mi the 
lattice of all clones of self-dual operations on 3 elements was described, even 
though this lattice has continuum cardinality. The main idea of that paper 
and many other papers in clone theory is an accurate work with relations. 
The fact that we have known all maximal clones for 45 years m and still 
don’t have any description of all minimal clones just proves that working with 
relations is much easier than with operations. 

We have 2^1 relations of arity n on a set A, which is a huge number 
even for |A| = 4 and n = 3. But if we check most of the significant papers 
in clone theory we will see that all the relations arising there have a nice 
characterization: they are symmetric or have some regular structure. In this 
paper we will try to provide a mathematical background to this observation. 

First, it is easy to notice that we don’t need relations that can be represented 
as a conjunction of relations with smaller arities mm- Relations that cannot 
be represented in this way are called essential Second, observe that if a 
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relation is an intersection of other relations from the relational clone then we 
don’t need this relation to define this relational clone. Relations that cannot 
be represented in this way are called maximal in US and critical in [5]. 

It turned out that all critical relations p C A h have the following property: 
there exists a tuple /3 £ A h \ p such that for every a £ A h \ p there exists a 
unary vector-function = ( ip ll ..., ijj h ) which preserves p and gives ’P(a) = j3. 
This means that every tuple which is not from p can be mapped to j3 by a 
vector-function preserving p. A relation satisfying this property is called a key 
relation , and a tuple /3 is called a key tuple for this relation. 

This property seems to be profitable because it is a combinatorial property 
of a relation which doesn’t involve any difficult objects (no clones, no rela¬ 
tional clones, no primitive positive formulas). Another motivation to study 
key relations is a nice description of all key relations on 2 elements. These are 
exactly the relations that can be defined as a disjunction of linear equations. 

As we show in the paper, key relations on bigger sets can be complicated. 
But it turned out that we can get a very similar characterization of key re¬ 
lations if they are preserved by a weak near-unanimity function (WNU). In 
this case we show that all the variables of the relation can be divided into two 
groups, and the relation can be divided into two parts. The first part is very 
similar to the relation {a, b} n \ {a} n , and the second part can be defined by a 
linear equation in some abelian group. 

The consideration of key relations preserved by a WNU seems to be justified 
because of the following reason. First, let us consider an algebra with all the 
operations from a clone. We know that if we have an idempotent algebra A 
without a weak near-unanimity term, then we can find a factor of A whose 
operations are essentially unary, where a factor is a homomorphic image of a 
subalgebra of a mi. This means that if a relational clone is not preserved 
by a WNU, then we can find relations in it which are as complicated as in 
general, i.e. in a relational clone of all relations on a finite set. To show this 
we need to consider the idempotent reduction of the corresponding clone, and 
then the corresponding factor. Thus, if we cannot describe all key relations, 
then we need to consider relational clones preserved by a WNU. 

Second, the importance of a WNU was discovered while studying the con¬ 
straint satisfaction problem. The standard way to parameterize interesting 
subclasses of the constraint satisfaction problem is via finite relational struc¬ 
tures mm- The main problem is to classify those subclasses that are tractable 
(solvable in polynomial time) and those that are NP-complete. It was conjec¬ 
tured that if a core of a relational structure has a WNU polymorphism then 
the corresponding constraint satisfaction problem is tractable, otherwise it is 
NP-complete mi- We believe that this characterization can be helpful in 
proving this conjecture. 

The paper is organized as follows. In Sections 2 and 3 we give necessary 
definitions and formulate the main results of the paper. That is, a description 
of all key relations on 2 elements (with a proof), a characterization of all key 
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relations preserved by a WNU on bigger sets. We assign an equivalence relation 
on the set of variables to every key relation preserved by a WNU, and present 
stronger versions of this characterization if the equivalence relation is a full 
equivalence relation, trivial equivalence relation, or almost trivial equivalence 
relation. This equivalence relation is called the pattern of a relation. As a 
result we obtain a complete description of all key relations preserved by a 
near-unanimity function, a semilattice operation, or a 2-semilattice operation. 

In Section 4 we give the remaining definitions and notations we will need 
in the paper. In the next section we prove several auxiliary statements which 
are used later. 

In Section 6 we formulate and prove one of the main statement of the paper. 
Precisely, we show that if a relation of arity n contains exactly |A|™ _1 tuples, 
projection onto any (n — 1) coordinates is a full relation, and the relation is 
preserved by a WNU, then this relation can be defined by a linear equation. 

In Section 7 we introduce a notion of a core of a key relation and prove 
different properties of a core. For example, we prove that a core with full 
pattern can be divided into isomorphic key blocks and each of these key blocks 
can be defined by a linear equation. 

In Section 8 we prove the main results of the paper. That is, a characteri¬ 
zation of a key relation with arbitrary pattern, and a complete description of 
key relations with trivial pattern and almost trivial pattern. 

The last section is devoted to key relations with full pattern. First, we prove 
that a core with full pattern can be divided into blocks, then we generalize 
this result for a key relation with full pattern. 

I want to thank my colleagues and friends from the Department of Algebra 
in Charles University in Prague for the very fruitful discussions, especially 
Libor Barto, Jakub Oprsal, Jakub Bulin, and Alexandr Kazda. I am grateful 
to my colleagues from the Chair of Mathematical Theory of Intelligent Systems 
in Moscow State University, especially my supervisor Valeriy Kudryavtsev, 
Alexey Galatenko and Grigoriy Bokov. Also I want to thank Stanislav Moiseev 
who found the first ugly example of a key relation with a computer. I would 
like to give special thanks to a very kind mathematician Hajirne Machida who 
always supported me and my research. 


2. Key relations 

In this section we give necessary definitions, particularly the definition of a 
key relation. Then, we prove the description of all key relations on 2 elements, 
which is a very simple result. Finally, we give a definition of the pattern of a 
key relation and formulate the main properties of the pattern. 

2.1. Main definitions. Let A be a finite set, and let 0\ := A A be the set 
of all ?r-ary functions on A, Oa '■= U n >i @A- 
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For a tuple a G A n by a(i) we denote the i-th element of a. By R% 
we denote the set of all n-ary relations on the set A. Ra = U^Lo^-a- If 
it is not specified we always assume that a relation is defined on the set A. 
We do not distinguish between predicates and relations, and consider positive 
primitive formulas over sets of relations. For a set of relations D by [D] 
we denote the closure of D over positive primitive formulas. Closed sets of 
relations containing equality and empty relations are called relational clones. 
For C C R a , we define Pol(C) := {/ G Oa | Vcr G C : / preserves er}. 

A function / is called idempotent if f{x,x,...,x) = x. A weak near- 
unanimity function (WNU) is an idempotent function / satisfying the fol¬ 
lowing property 


f(x, y,y,...,y) = f{y, x, y ,..., y) = ■ ■ • = f(y, y,...,y,x). 


A relation p G Ra is called essential if it cannot be represented as a conjunc¬ 


tion of relations with smaller arities. A tuple 


G A h \ p is called essential 

{ ai \ 


for p if for every i G {1, 2,..., ft} there exists b such that 


CLi-l 

b 


fli + 1 


G p. For a 


__ \ Cth J 

relation p by p we denote p filled up with all essential tuples. 

The following lemma can be easily checked. We omit the proof and refer 
readers to mmm- 


Lemma 2.1. Suppose p G R r \ , where n > 1. Then p is essential if and only 
if there exists an essential tuple for p. 


A tuple ’F = ..., iph)i where ifi : A —> A, is called a unary vector- 

function. We say that T preserves a relation p of arity h if T 


a i 
a 2 


( -0lOl) 
^2(02) 


\ il>h(ah) , 


G p for every 


a 1 
a 2 


G p. We say that a relation p of arity h is a 


key relation if there exists a tuple f} G A h \ p such that for every a G A h \ p 
there exists a vector-function which preserves p and gives ’F(a) = /?. A 
tuple (3 is called a key tuple for p. 

We can check the following facts about key relations. 


(1) Suppose p is a key relation. Then p is essential if and only if p has no 
dummy variables (Lemma 15.11) . 

(2) Suppose p = a x A s . Then p is a key relation if and only if a is a key 
relation (Lemma 15.21) . 
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(3) Suppose a(x 2 ,...,x n ) = p(b 1 ,x 2 , ■ ■ ■ ,x n ), {bi,...,b n ) is a key tuple 
for p. Then a is a key relation and (b 2l ..., b n ) is a key tuple for a 
f Lemma 15.31) . 

(4) Suppose a is a key tuple for p, and a unary vector-function T preserves 
p. Then either 'F(a) £ p, or 4/(a) is a key tuple for p lLemma l5.4p . 

A relation p is called maximal in a relational clone C if there exists an 
essential tuple a for p such that p is a maximal relation in C with the property 
a ^ p. A relation is called critical in a relational clone C if it is completely 
D-irreducible in C and directly indecomposable. 

Lemma 2.2. [5] Lemma 2.1] A relation p is critical in a relational clone C if 
and only if it is maximal in a relational clone C. 

It follows from the definition that every relation in a relational clone can 
be defined as a conjunction of critical relations from the relational clone, thus 
we need only critical relations to generate any relational clone. 

For a relational clone C and a relation p of arity n by (p)c we denote 
the minimal relation of arity n in C containing p. It follows from the Galois 
connection between clones and relational clones that we have the following 
lemma [?J Section 2.2]. 

Lemma 2.3. Suppose p £ R A , p = {a±,... ,a a }, C is a relational clone. 
Then (p) c = {/(«i,..., a 8 ) \ f £ Pol(C) D O s A }. 

Lemma 2.4. Suppose p is a critical (maximal) relation in a relational clone 
C. Then p is a key relation. 

Proof. By Lemma 12.21 there exists an essential tuple /3 for p such that p is a 
maximal relation in C such that (3 £ p. We want to show that /? is a key tuple 
for p. Let n be the arity of p. For a tuple a £ A n \p we consider the relation (pU 
{aDc- Since p is maximal, we have (3 £ {p U {aDc 1 - Let p = { 71 , 72 ,..., 7 „}. 
It follows from Lemma 12.31 that there exists a function / preserving p such 

( Xl \ 

= / I 71 ,..., 7 „, : . It is easy to 

see that T preserves p and (a) = (3. This completes the proof. □ 

The next theorem follows from the definition of a critical relation and 
Lemma 12.41 


that /( 71 ,... , 7 „, a) = (3. Let T 


Theorem 2.5. Suppose KR A is the set of all essential key relations from Ra- 
Then [C D KR A \ = C for every relational clone C. 

This means that every relational clone can be determined by only key rela¬ 
tions from this relational clone. 


2.2. Key relations on two elements. Let A = {0,1}. An equation 

aiXi + ... + a s x s = a 0 

is called a linear equation (“+” is addition modulo 2). 
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Theorem 2.6. Suppose p £ R\ , A = {0,1}. Then p is a key relation 
if and only if p{x i,..., x n ) = L\ V L -2 V ... V L m for some linear equations 
L\i ) ■ • • ; Tm ■ 

Proof. By Lemmas 15.11 and 15.21 without loss of generality we can assume that 
p is essential. 

Suppose p is a key relation, and /3 is a key tuple for p. Let us prove by 
induction on the arity of p that p can be represented as a disjunction of linear 
equations. This is obvious if the arity of p is less than 2. 

Let p'(x 2 ,..., x n ) = p{/3{ 1), X 2 , ■ • ■, x n ). By Lemma 15.31 p’ is a key rela¬ 
tion and (/?(2),... ,/3{n)) is a key tuple for p'. By the inductive assumption, 
p'{x 2 ,..., x n ) = L[ V L' 2 V • • • V L' s , where L' is a linear equation for every i. 

We consider two cases. First, assume that for every a £ A n with a(l) ^ 
/3(1) we have a £ p. Then the following equation proves the statement in this 
case 

p(xi,.. .,x n ) = L\ V L' 2 V • • • VL' V (aq = /3(1) + 1). 

Second, assume that there exists a £ A n \ p such that a(l) ^ /3(1). Since 
/? is a key tuple, there exists a vector-function 'L = ('i/q,... ,ipn) preserving 
p such that 'F(a) = /?. Assume that ipi is a constant for some i. Since p is 
essential, we can find a tuple 13' £ p that can be obtained from (3 by changing 
the i-th component. We can check that ^ r (4 r (/3 / )) = ^(^(/S)) = /3, which 
contradicts the fact that 'L preserves p. 

Thus we know that is not a constant for every i, then tpi{x) = x + at, 
where at £ {0,1}. Suppose that for every i £ {1, 2,..., s} 

Li — {hi 2 X 2 bi' 3 x 3 ... -(- bi^ n X n — bi of 
For i £ {1,2,..., s} by Li we denote the following linear equation 

(&i, 2«2 + . . . + bi, n a n )(x 1 + /3(1)) + bi t 2 X 2 + ■ • ■ + bi^ n X n = bifi. 

Put a(x 1 ,..., x n ) = Li V L 2 V ... V L s . Let us prove that a = p. Let 7 £ A 11 . 
If 7 ( 1 ) = /3(1) then it is obvious that 7 £ a <=> 7 £ p. 

Suppose 7 ( 1 ) / j3{ 1). It is easy to check that *F preserves a. Then, since *F 
is a bijection, we have 

7 £ a <=> '£( 7 ) £ a <S=> ^( 7 ) £ p O 7 £ p. 

This completes the second case. 

It remains to show that a disjunction of linear equations always defines a 
key relation. Let p(x 1 ,..., x n ) = L\ VL 2 V... V L a , where L ±,..., L s are linear 
equations. Let us show that every tuple (3 £ A n \ p is a key tuple. For every 
a £ A n \ p we have to find a unary vector-function *F such that 'L(a) = /3. 
Let *F be the bijective vector-function with the above property. It remains 
to show that *F preserves p. It is easy to see that a bijective vector-function 
either preserves a linear equation, or maps all solutions of the equation to 
nonsolutions. Since a, f3 £ A n \p , all equations Li, L 2 , ■ ■ ■, L s are incorrect for 
a and /3. Therefore 'L preserves all the above equations and preserves p. □ 
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Theorem 12.61 shows that all key relations on two elements have a regular 
structure. This fact allows to get a nice proof of Post’s Lattice Theorem. 

Let us consider another example of using this idea. By 0\ s we denote 
the set of all tuples (/i, / 2 , ■ ■ •, / s ) such that /i, / 2 , ■ ■ ■, f s G O n A . Let O a , s = 
(J 0\ a . Elements of Oa,s are called vector-functions. 

n> 1 

Then, in a natural way we define clones of such vector-functions. It is proved 
in m that we have only countably many clones of vector-functions for every 
s. Recall that in this section A = {0,1}. 

A relation is called s-sorted if every variable of this relation has a sort from 
the set {1,2,..., s}. A set of s-sorted relations is called a relational clone if it 
is closed under positive primitive formulas (where we cannot identify variables 
of different sorts) and contains equality and empty relations. It is shown 
in im that there exists a one-to-one correspondence between clones of Oa,s 
and relational clones of s-sorted relations. 

Note that Theorem 12.61 holds for multi-sorted relations. Thus, all clones of 
vector-functions on 2 elements can be described by disjunctions of linear equa¬ 
tions with variables of different sorts. This idea gives a simple proof of the fact 
that the set of all such clones is countable. Also, in [L5] Section 6 ] it was shown 
that there are two types of essential relations on three elements preserved by 

the semiprojection S 5 (x, y, z) := < ’ ^ ^ : graphs of permutations 

[y, \{x,y,z}\ = 3 

and relations whose projection onto every coordinate is a 2-element set. The 

latter relations can be observed as multi-sorted relations with variables of 3 

sorts, where sorts depend on the projection onto the corresponding coordinate, 

that is {0,1},{1,2}, or {0,2}. Therefore, clones on three elements containing 

this semiprojection can be described by disjunctions of linear equations. 

Unfortunately, in general, for |A| > 2, the author could not find such a 

nice characterization. For example, the relation ( 011201220001 ) is a key 

V 101200010122 / 

relation and ^ 0 ''j is a key tuple for this relation. However, the only proof of 
the above fact the author knows is to check manually that any tuple which 
is not from the relation can be mapped to the key tuple by a vector-function 
preserving p. 


2.3. Pattern of a key relation. For a relation p G R A we define a binary 
relation on the set {1,2, ...,n}. We say that i ~ j if there do not exist 


ai,..., a„, bi, bj € A such that 


( °.{ \ 


( “- 1 \ 


( “- 1 \ 


( “- 1 \ 

ai- 1 


ai- 1 


ai- 1 


ai- 1 

ai 


ai 


bi 


bi 

ai+ 1 

cL rt 

ai+ 1 


ai+i 


ai+i 

a j-1 

y A 

a 3 — 1 

5 

a j — 1 

5 

a j — i 

dj 


bj 


a j 


bj 

a j + 1 


a 3+1 


°-j+i 


a i+ 1 


G P- 


We put by definition that * ~ i for every i G {1, 2,..., n}. The next lemma 
follows from the definition of a key tuple. 
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Lemma 2.7. Suppose 


is a key tuple for p. Then i ~ j if and only if 

i \ 


there do not exist bi,bj £ A such that 


a i 

a-i -1 

CLi 

a>i -|-i 


aj-i 

bj 

a i+1 

v 2 ) 


(^ 


( ^ \ 

di-i 


CLi- 1 

bi 


bi 

a*i +1 


CLi + l 

a j —l 

J 

a j — 1 

a j 


bj 

a j+i 


a 3 +1 

\ a n J 

V a n ) 


€p. 


Corollary 2.8. Suppose (a ±,..., a n ) is a key tuple for p, a(x i,..., x n -\) = 
p(x i,..., x n -i, a n ). Then for i, j £ {1, 2, ..., n — 1} uie have i ~ j •o- * ~ j . 


The relation ~ is called the pattern of p. 

Unfortunately, this relation is not an equivalence relation in general. To 
show this let us consider a relation on the set A = {0,1, 2,3} defined as follows 


P = {(x,y,z) | x,y £ A,z € {0,2},x + y + z £ {0,1}}, 


where is addition modulo 4. This relation is shown in the following figure. 
0 2 
3 
2 
1 
0 

0 1 2 3 0 1 2 3 

p 

It is easy to see that 1 ~ 3, 2 ~ 3, and 1^2. To prove that the relation p 
is a key relation we just need to show that for every two tuples 

ai, «2 £ {A x A x {0,2}) \ p 

there exists a vector-function T preserving p such that 4/(ai) = a 2 . Combining 
bijective vector-functions (x + 1, y — 1, z), (x + 2, y, z + 2), and (—x, 1 — y, z ), 
we can easily get all necessary vector-functions. 

Nevertheless, as we prove later, if p is preserved by a WNU then the pattern 
is an equivalence relation. 




3. Main Results 


The aim of this section is to formulate the main results of the paper. Here, 
we present the characterization of key relations preserved by a WNU. Then, 
we consider three special cases of the pattern (a trivial equivalence relation, 
an almost trivial equivalence relation, and a full equivalence relation) in more 
details and provide stronger statements for these cases. All the statements in 
this section are listed without the proof and will be proved in the next sections. 

3.1. The pattern of a key relation. 

Theorem 3.1. Suppose p is a key essential relation preserved by a WNU. 
Then the pattern of p is an equivalence relation. Moreover, at most one equiv¬ 
alence class contains more than one element. 
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We say that the pattern is full if it is a full equivalence relation, the pattern 
is trivial if it is a trivial equivalence relation, the pattern is almost trivial if 
it is an equivalence relation such that just one equivalence class contains 2 
elements, all other classes contain one element. 

3.2. A characterization of key relations preserved by a WNU. As we 

know from Section 12.21 every key relation on two elements can be represented 
as a disjunction of linear equations. Moreover, if this relation is preserved 
by a WNU, then we can check that only one equation contains more than 
one variable. To show this, it is sufficient to check that every minimal WNU 
on 2 elements (conjunction, disjunction, majority operation, x+y+z) cannot 
preserve a disjunction of several nontrivial equations. In this section we will 
generalize this statement for bigger sets. In the paper we always assume that 
a ^ b if we consider the set {a, b}. 

Theorem 3.2. Suppose p is a key essential relation of arity n preserved by a 
WNU whose pattern is {{1, 2,..., r}, {r + 1}, {r + 2},..., {?i}}, r > 1. Then 
for every key tuple (ai,..., a n ) there exist B = B\ x B 2 x • • • x B n , a prime 
number p and bijective mappings (f>i : Bi —> Z p for i = 1,2,..., r such that 
(ai ,... ,a n ) e B, Bi = {ai,b z } for i = r + 1,... ,n, 

pC\B = (0i(aq) + ... + 4> r (xr) = 0) V ( x r+1 = b r +i) V • • • V (x n = b n ), 

and every tuple 7 £ B \p is a key tuple for p. 

This means, that in every key relation preserved by a WNU we can find 
a part B which is well-organized. This part is defined as a disjunction of at 
most one nontrivial linear equation and several trivial linear equations. Thus, 
we proved the statement which is very similar to the statement we have for 

14 = 2 . 

3.3. Key relations with trivial pattern. Here we consider the first special 
case of a pattern, i.e. a key relation whose pattern is a trivial equivalence 
relation. 

By Theorem 13.21 for any key essential relation p with trivial pattern pre¬ 
served by a WNU we can find a part which is organized as follows: 

(x\ = fq) V {x 2 = b 2 ) V • • • V (x n = b n ), 

or equivalently there exist (ai, 02 , ■ • ■, a n ) ^ p and 61 , b 2 , ■ • ■, b n £ A such that 

({ai, h} x {a 2 , b 2 } x • • • x {a n , b n }) \ {(ai, a 2 ,..., a n )} C p. 

It turned out that this is not only a necessary condition but also a sufficient 
condition. 

Lemma 3.3. Suppose p € R(ai, a 2 ,..., a n ) p, b\, b 2 , ■ .., b n £ A, and 
({ai, h} x {a 2 , b 2 } x • • • x {a n , b n }) \ {(ai, a 2 ,..., a n )} C p. Then p is a key 
relation and (ai, a 2 ,..., a n ) is a key tuple for the relation p. 
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Thus, we have the following characterization of key relations with trivial 
pattern preserved by a WNU. 


Theorem 3.4. Suppose p is a relation preserved by a WNU whose pattern is 
a trivial equivalence relation. Then p is a key relation if and only if there exist 
(cii, 02 ,, a n ) (f p and bi, 62 , • ■ •, b n € A such that 

({ai, 61 } x {a 2 , b 2 } x • • • x {a n , b n }) \ {(ai, a 2 , ..., a n )} C p. 


The following example shows that the existence of a WNU preserving the re¬ 
lation is a necessary condition. We consider the relation ( 011201220001 ), 

V 101200010122 / 

which was already mentioned in Section 12.21 The pattern of this relation is 
trivial, ( 0 , 0 , 0 ) is the only key tuple but we cannot find 61 , b 2l 63 € { 1 , 2 } such 
that ({0, 61 } x {0, 62 } x {0, & 3 }) \ {(0,0, 0)} C p. Thus we have a key relation 
with trivial pattern which does not satisfy the condition of Theorem 13.41 
The case when the pattern of a key relation is a trivial equivalence relation 
arises if the relation is preserved by a near-unanimity function, where a near 
unanimity function is a function / satisfying 


f{x, ...,x,y) = f(x ,..., x, y, x) = ■ ■ ■ = f(y, 1 


c) = 


Theorem 3.5. Suppose p is a key essential relation of arity greater than 2 
preserved by a near-unanimity function. Then the pattern of p is a trivial 
equivalence relation. 


Corollary 3.6. Suppose p (of arity greater than 2) is preserved by a near¬ 
unanimity function. Then p is a key essential relation if and only if there 
exist (ai, < 3 . 2 ,..., a n ) ^ p and 61 , b 2 , • ■ •, b n £ A such that 

({ai, bi) x {a 2 , b 2 } x • • • x {a n , b n }) \ {(ai, a 2 , • • •, a n )} C p. 


3.4. Key relations with almost trivial pattern. Suppose p is a key es¬ 
sential relation preserved by a WNU whose pattern is {{l,2},{3},...,{n}}. 
By Theorem 13.21 we can find a part which is organized as follows: ( x\ + x 2 = 
0) V (£3 = 63 ) V • • • V (x n = b n ). Hence, there exist (ai, < 22 ,..., a„) ^ p and 
b \, 6 2 ■ ■ ■, b n € A such that 

({ai, 61 } x • • • x {a n , b n }) \ {(ai, a 2 , a 3 ,..., a n ), (61 ,b 2 , a 3 ,..., a n )} C p. 

It turned out that this is not only a necessary condition but also a sufficient 
condition. 

Lemma 3.7. Suppose 1 ~ 2, (ai, 0 , 2 ,..., a n ) p, bi,... ,b n € A and 

({ai, 61 } x • • • x {a n , b n }) \ {(ai, a 2 , a 3 ,..., a n ), ( 61 , b 2 , a 3 ,..., a n )} C p. 

Then p is a key relation and (a 1 , a 2 , ■ ■ ■, a n ) is a key tuple for p. 

Thus, we have the following characterization of key relations with almost 
trivial pattern preserved by a WNU. 
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Theorem 3.8. Suppose p is a relation preserved by a WNU, the pattern of 
p is {{1,2}, {3},..., {n}}. Then p is a key essential relation iff there exist 
(ai,..., a n ) p and &i,..., b n € A such that 

({oi, bi} x • • • x {a n , b n }) \ {(ai, d 2 , d 3 ,..., d„), (bi,b 2 , a 3 ,..., a„)} C p. 

The case when the pattern of a key relation is almost trivial arises if we 
consider relations preserved by a 2 -semilattice operation or a semilattice oper¬ 
ation. A semilattice operation is a binary associative commutative idempotent 
operation. A 2-semilattice operation is a binary commutative idempotent op¬ 
eration satisfying f(x,f(x,y)) = f(x,y). 

Theorem 3.9. Suppose p is a key essential relation preserved by a semilattice 
operation or a 2-semilattice operation. Then the pattern of p is either trivial, 
or almost trivial. 

Corollary 3.10. Suppose p is a relation preserved by a semilattice or a 2- 
semilattice operation, 1 ~ 2. Then p is a key essential relation if and only if 
there exist (di, d 2 , • • ■, a n ) (f p and bi, b 2 ,..., b n £ A such that 

({ai, 6 i} x • • • x { a n ,b n }) \ {(di,d 2 ,d 3 ,.. .,a n ), (&i,& 2 ,d 3 ,... ,a n )} C p. 

3.5. Key relations with full pattern. Here we consider key relations pre¬ 
served by a WNU whose pattern is a full equivalence relation. For example, 
this case arises if a relation is preserved by a Mal’tsev operation. 

We state that any key relation can be divided into blocks such that every 
block is defined by a linear equation. 

Recall that p is a relation p filled up with all essential tuples. We define 
a graph whose vertices are tuples from p. Two tuples are adjacent in the 
graph if they differ just in one element. Then tuples of p can be divided into 
connected components. A connected component of p is called a block of p. A 
block is called trivial if it contains only tuples from p. We have the following 
characterization of key relations with full pattern. 

Theorem 3.11. Suppose p is a key essential relation of arity greater than 2 
preserved by a WNU, the pattern of p is a full equivalence relation. Then 

(1) Every block of p equals B\ x • • • x B n for some B i,..., B. n C A. 

(2) For every nontrivial block B = B i x • • • x B n the intersection pH B 
can be defined as follows. There exist an abelian group {G;+, — ,0), 
whose order is a power of a prime number, and surjective mappings 
</>i : Bi —>• G for i = 1,2,..., n such that 

pH B = {(aq, ...,x n ) | (j>i(xi) + (f 2 (x 2 ) + ... + <fi n (x n ) = 0}. 

Note that the existence of a WNU preserving the relation p is a necessary 
condition. As a counterexample, let us consider the following key relation. Let 
so, si,..., S 5 be all permutations on the set {0,1, 2}. Put A = {0,1, 2,..., 5} 
and 


P = {(*, a,6) | i G {0,1,..., 5}, a, b G {0,1, 2}, Sj(d) = b}. 
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Let us show that p is a key relation and every tuple 

a € ({0,1 ,..., 5} x {0, 1 ,2 } x {0, 1 ,2 }) \ p 

is a key tuple. For every two permutations ip 2 , ip 3 on the set {0,1,2} we 
can find an appropriate permutation ipi on the set {0,1,..., 5} such that the 
vector-function {ip \,ip 2 ,ip 3 ) preserves p. It is easy to see that using these 
vector-functions we can map any tuple from (0,1,..., 5} x {0,1, 2} x {0,1, 2} 
to a. The pattern of the relation is a full equivalence relation. We can check 
that this relation doesn’t satisfy the statement of the theorem. 


4. Definitions and Notations 

In this section we give the remaining definitions we need in the paper. 

By s we denote the set of all tuples (/ 1 , / 2 ,..., f s ) such that 

/r,/2./.e02 

Let Oa,s = U s■ The tuple (/ 1 , / 2 ,..., / s ) is called a vector-function. To 

n> 1 

distinguish vector-functions and functions, we denote vector-functions with 
bold symbols, except for unary vector functions which we usually denote by 
capital Greek letters. For a vector function / £ 0^ s , the corresponding 
tuple of functions is {f (1 \ p 2 \ ■ ■ ■, /^). We define the composition for vector- 
functions in the following natural way. The equation 

h{x 1 ,..., x n ) = f{g x {x 1 ,..., x n ), ...,g n {x 1 ,..., x n )) 

means that for every i £ { 1 , 2 ,..., s} we have 

h (t) (x u ..., x n ) = f (l) (g^(x !,..., x n ),..., gW {x 1} ... ,x n )). 

A clone of vector-functions is a set of vector-functions closed under compo¬ 
sition and containing the vector function {id, id ,... ,id), where id{x) = x for 
every x £ A. A vector-function is called a WNU if every function in it is a 
WNU. 

As it was mentioned in Section 12.21 a relation is called s-sorted (or multi- 
sorted) if every variable of this relation has a sort from the set { 1 , 2 ,..., s}. 
The set of all s-sorted relations we denote by Ra,s- 

Let p be an s-sorted relation of arity h, and Vi be the sort of the *-th variable 
for every i £ {1,2 ,,h}. We say that / preserves p if 


( ffll.l 

ai,2 ■ 

&1 ,n^ 


^/ (ri) (ai,i,en, 2 , • 

• ? ®l,n) ^ 

02,1 

^2,2 ■ 

• &2, n 

: = 

/ (r2) (a 2 ,i,a 2j2 ,. 

• ? ^2,n) 

\a-h, 1 

ah ,2 ■ 

^h,nj 


\f (rh) {a h A,a h; 2 , • 

• ? ^h,n) j 
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for all 


02,1 


/ Ol, 2 \ 

a 2 ,2 


( Ol,n\ 
0 2 ,n 


Gp. 


\ah,i/ 


\ a h,2/ 


\^h,n/ 


Suppose i 6 {1,2,..., s}, then by all 3 we denote the s-sorted relation whose 
variables are of the *-th sort such that (x, y) G ah 3 <==>■ ( x = y ). By false we 
denote the empty relation of arity 0. Put £ s = {ah 3 | 1 < i < s) U {false}. In 
the same way as for the set Ra we can define the closure operator on the set 
Ra,s- Suppose S C Ra, s , then by [S'] we denote the set of all s-sorted relations 
a G Ra,s that can be represented by a positive primitive formula: 


p(xi, • • ■ ■> X n ) — p^{Z\p 7 . . • 7 /\ . . . /\ Pm ( Ari, 1) • * • 5 ) > 

where p l7 ..., p m G S, the variable symbols z- h j G {x± 7 ... ,x n ,yi 7 ... ,yi} are 
subject to the following restriction: if a variable is substituted in some relation 
as a variable of the Z-th sort, then this variable cannot be substituted in any 
relation as a variable of other sort. It is shown in El that there exists a 
one-to-one correspondence between clones of Oa, s and closed subsets of Ra, s 
containing £ s . 

In this paper we consider only two types of relations. First, relations whose 
variables are of different sorts, moreover, the i-th variable has the i-tli sort. 
Second, relations whose variables are of one sort. To distinguish them relations 
with variables of different sorts we denote by bold symbols, like p, 5. Relations 
from Ra are considered as relations with variables of the first sort. 

For c G A and i G {1,2,..., s} by =i*' ) we denote the unary relation with 
the variable of sort i containing only element c. 

Suppose d'l and ^2 are unary vector functions. By * 1 ^ o ^2 we denote the 
unary vector-function defined as follows ’P(x) = , Pi(’I , 2 (x)). 

By ar(p) we denote the arity of the relation p, by ar(/) we denote the arity 
of the function /. By 0 we always denote the identity in an abelian group or 
the additive identity for a field. 

For p G Ra and i G {1, 2,..., n} by pr, ; p we denote the projection of p onto 
the i-th coordinate, that is 


pr, p — (c | . (ai,. •., ai— 1 , c, Uj+i; * * * ? n n ) G p }. 

Denote pr p = pr x p x pr 2 p x • • • x pr„ p. We say that a tuple ( 61 ,..., b n ) wit¬ 
nesses that (ai,..., a n ) is an essential tuple for p if for every iG {1,2,..., n} 
we have (ai ,..., a% — l)'i , a^A 1 , *. ■, G p . 

By Key(p) we denote the relation p filled up with all key tuples for p. 

To simplify explanation, we sometimes define tuples as words, for example 
a n b m is the tuple (a,. .., a, b ,..., b). 

n m 

As it was mentioned in Section [31 sometimes we consider a graph corre¬ 
sponding to a relation, where tuples are vertices, and two tuples are adjacent 
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if they differ just in one element. Then we may consider a path in the graph 
and connected components of this graph. Usually, we refer to a path or a con¬ 
nected component of the graph as to a path of the relation and a connected 
component of the relation. 


5. Auxiliary statements 

Lemma 5.1. Suppose p is a key relation. Then p is essential if and only if p 
has no dummy variables. 

Proof. Assume that p has no dummy variables and ar(p) = n. Let us prove 
that a key tuple (di,..., a n ) is also an essential tuple. Let i £ {1, 2,..., n}. 
Since p has no dummy variables, there exist a tuple (ci,..., c n ) ^ p and di 
such that (ci,..., c.;_i, di , Cj + i,..., c n ) £ p. We know that (ci,..., c n ) can be 
mapped to the key tuple by a vector-function (^i, ... ,ip n ) which preserves p. 
Therefore, 


Ol(ci), . . . ,V>i-l(Ci-l), V’i+itCi+i), . . . ,lfn{c n ) = 

(ai, . . . , Uz— 1 , Ipi (di), , . . . , G p. 

Thus, for every i £ {1,2,..., n} we can change the i-th component of the key 
tuple to get a tuple from p. Then, (ai,..., a n ) is an essential tuple and, by 
Lemma EU p is essential. 

It is obvious, that a relation that has dummy variables cannot be essential. 

□ 

Lemma 5.2. Suppose a £ Ra, p = a x A s . Then p is a key relation if and 
only if a is a key relation. 

Proof. Assume that a is a key relation and a is a key tuple for a. Choose 
/3 £ A s . Let us prove that a/3 is a key tuple for p. Suppose 5 £ A ar ( p ) \ p. 
Remove the last s elements of S to get a tuple S'. Obviously, S' ^ a. Then 
there exists a unary vector-function ^ which maps S' to a. Define a unary 
vector-function T' as follows \k'W = vrO) f or j < ar(cr), \k'W = fd(i — ar(<r)) 
for i > ar(cr). We can check that 'k' maps S to a/3 and preserves p. Thus, p is 
a key relation. 

Assume that p is a key relation and a is a key tuple for p. Let j3 be obtained 
from a by removing the last s elements. To prove that [3 is a key tuple for er, we 
just add random s elements to the end of a tuple 7 £ A ar ( <T ) \ cr, and consider 
a vector-function preserving p that maps the obtained tuple to a. Then we 
remove the last s functions of the vector-function to get a vector-function that 
maps 7 to (3 and preserves a. □ 

Lemma 5.3. Suppose a(x 2 , ■ ■ ■ , x n ) = p(b\,X 2 , ■ ■ ■, x n ), ( 61 ,..., b n ) is a key 
tuple for p. Then a is a key relation and ( 62 , ■ • •, b n ) is a key tuple for a. 
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Proof. For every (c 2 ,...,c„) ^ a we need to find a vector-function which 
maps (c 2 ,..., c n ) to (b 2 , ■ • ■, b n ). We know that (&i, C 2 ,..., c n ) ^ p, therefore 
there exists a vector-function 4^ which maps (foj_, c 2 , . . . , c n ) to (hi, b 2 , ■ ■ ■, b n ) 
and preserves p. It is easy to check that the vector function (4 d 2 ) ; ..., 4d n )) 
preserves the relation a and maps (C 2 ,..., c n ) to (b 2 ,..., b n ). This completes 
the proof. □ 

Lemma 5.4. Suppose a is a key tuple for p, and a unary vector-function 4' 
preserves p. Then either 4* (a) G p, or 4^(a) is a key tuple for p. 

Proof. Assume that 41 (a) ^ p. Let /3 p. We know that there exists a vector- 
function 4b which maps /3 to a. Then 4> o 4*' is a vector function preserving p 
which maps /3 to 4 1 (a). Hence 4* (a) is a key tuple for p. □ 

Lemma 5.5. Suppose f G Oa,s a WNU. Then using composition we can 
derive a WNU f' such that for every a G A s and h{x) = f'(a, a,..., a, x) we 
have h(h(x)) = h{x). 

Proof. Let fi=f,m = ar(/). Put 

f i+X (‘G J ■ ■ ■ ) ^ m i+1 ) f(fi(.X li ^ X^f . . . , f 1) + 1; ■ • • ) )); 

hi(x) = fiioe ,..., a, x). We can easily check that h i+ \ (x) = hi(hi(x)). There¬ 
fore, for k = |A|! we have hk(hk{x)) = hk(x), which means that we can take 
fk for f. □ 

Lemma 5.6. Suppose f preserves a key relation p. Then f preserves Key(p). 

Proof. Let a±,..., a m G Key(p), we need to show that j3 = f(a ±,..., a m ) G 
Key(p). Without loss of generality we assume that oti is a key tuple if i < k, 
and ccj G p if i > k. Let a be a key tuple for p. By the definition of a key tuple, 
for every i G {1,2,..., k} there exists a vector-function 4b that preserves p 
and maps a to a*. Put 41(a;) = /(4'i(x),..., 41fc(a;), ak+i, • ■ •, <a m ). Obviously 
4^ preserves p and maps a to j3. By Lemma T5.41 we obtain /? G Key(p). □ 

Recall that we have a Galois connection between clones of vector-functions 
and closed sets of multi-sorted relations. Then it follows from the above lemma 
that the relation Key(p) can be derived from p using positive primitive for¬ 
mulas. 

Lemma 5.7. Suppose p is a multi-sorted relation, then p G [{p}]. 

Proof. It is sufficient to check the following positive primitive formula 

n 

p{xi, .. ,,x„) = 3 yx .. .3 y n f\ p(x i,.. •, Zj-i, Vj, x j+1 , .. .,x„). □ 

j=x 

Lemma 5.8. Suppose p is preserved by an idempotent vector-function f. 
Then f preserves every connected component of p. 
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Proof. Let S be a connected component of p, and (bi,... ,b n ) £ S. Let us 
define a sequence of relations of arity n. Put Co = {(&i,..., b n )}, 

n 

C j+1 {xi,...,x n ) = 3yi ...3 y n f\ p(x 1 , ■ • .,Xi,y i+ i ,..., y n ) A Cj(yi, ■ ■ ■ ,Vn)- 

1=0 

Obviously, for j > \A\ n we get Cj = Therefore, 

s G {{p} U {=i t} | c e A, i = 1,2,..., re}] 

and S is preserved by an idempotent vector-function /. □ 

In the remaining part of this section we prove that a maximal clone defined 
by an /i-universal relation cannot contain a WNU. 

Put Ek = {0,1,..., k — 1} for every positive integer k. We can represent 
every a £ Eh m uniquely in the following form 

a = a (m " 1} • h m ~ l + a (m " 2) • h m ~' 2 + ... + a (1) • h + a (0) . 

A relation p C A is called h-universal relation if there exist m > 1 and a 
surjective mapping q: A —>• such that 

(a 0 ,..., £ p^Vi £ E m : |{(g(a 0 )) W , (g(ai)) w ,..., (g(a /t _i)) w )}| < h. 

Theorem 5.9. ,6] [7, Theorem 5.2.6.1] Suppose p is an h-universal relation 
and q : A —> Eh m an appropriate mapping. Then f : A n —> A belongs 
to Pol(p) if and only if for every i £ {0,1,..., m — 1} and fi(x i ,... ,x n ) := 
{q{f(x i,...,£„))(*) we have \Im{fi)\ < h or there exist j £ {1,2, ..,,n}, 
v £ E m , a permutation s on Eh such that fi(xi,... ,x n ) = s((q(xj))^). 

Corollary 5.10. A WNU cannot preserve an h-universal relation. 

Proof. Assume the converse. Suppose a WNU / £ O 7 ^ preserves an /i-universal 
relation p. Let q : A —>• be an appropriate surjective mapping. Put 

fi(x i,... ,x n ) := ( q(f(x \,... Then we apply Theorem l5.9l to p and /. 

Since / is idempotent, |Iro(/j;)| = h for every i. Hence for every i there exist 
j £ {1,2,..., n}, v £ E m , a permutation s on Eh such that fi(x \,..., x n ) = 
s((q(xj ))(")). This contradicts the fact that 

fi{x,y, ■■■,y) = fi(y,x,y,...,y) = ■■■ = fi(y,.. .,y,x). □ 

By Lemma 15.11 a key relation is essential if and only if it has no dummy 
variables. That is why later in the paper we always assume that every key 
relation is essential. 

6 . Strongly rich relations preserved by a WNU 

A relation p C A n is called (strongly) rich if for every tuple (ai,... ,a„) 
and every j £ {1,..., n} there exists (a unique) b £ A such that 

(ai, • * •, eij-ii bj aj- j_i,..., Q n ) £ p. 
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A relation of arity n is called totally reflexive if it contains all tuples 
(ai,... ,a n ) £ A n such that |{ai,... , a„}| < n. A relation p £ RJ\ is called 
symmetric if for every permutation a : { 1 , 2, ..., n} —> { 1 , 2 , ..., n} we have 
p(xi ,... ,x n ) = p{x a ( i),... ,!„(„)). A relation p £ RJ\ is called full if p = A n . 

Lemma 6 . 1 . Suppose p £ Ra,u, n > 3, is a strongly rich relation. Then for 
every a,b £ A there exists a bijective mapping ip : A —»• A such that ip (a) = b 
and ip (a) £ [{p, a} U {=i^ | c £ A, i = 1,2,..., n}\ for every a £ Ra- 

Proof. Let (a, a 2 ,... a n ) be a tuple from p. Since p is rich, we can find c £ A 
such that ( 6 , c, 03 ,... a n ) £ p. Let 

COu y) = 3z p(x, 02 , ■ ■ ■, a n -i,z) A p(y, c,a 3 ,..., a n - 1 , z). 

Since p is strongly rich, for every d there exists a unique e such that (d, e) £ £. 
Also, it is easy to see that (a, b) £ £. We define ip as follows ip(x) = y 
{x,y) £ (. Let a' = ip{a). It is easy to check that 

a'(xi ) = .. .3 y m < 7 ( 3 / 1 ,.. ■, y m ) A <( 2 / 1 , aq) A ■ • ■ A((y m ,x m )- 

This completes the proof. □ 

Lemma 6.2. Suppose a is a totally reflexive relation of arity m > 2 preserved 
by a WNU; if m = 2 t/ien <7 is symmetric and the graph defined by a is 
connected; for every a,b £ A there exists a bijection ip at b : A —> A that maps a 
to b and preserves < 7 . Then a is a full relation. 

Proof. Assume that <7 is not a full relation. Then Pol(cr) belongs to a maximal 
clone on A. By Rosenberg Theorem nam, we have one of the following cases. 

(1) Maximal clone of monotone functions; 

(2) Maximal clone of autodual functions; 

(3) Maximal clone defined by an equivalence relation; 

(4) Maximal clone of quasi-linear functions; 

(5) Maximal clone defined by a central relation; 

(6) Maximal clone defined by an /i-universal relation. 

If m > 3, then since <7 is totally reflexive, Pol(er) contains all functions that 
take only two values. If m = 2, then since er defines a connected graph, for 
every edge (a, b) in this graph Pol(cr) contains all functions that take only two 
values a and b. Therefore cases (1), (2), (3) and (4) are not possible. 

Since ip at b preserves a for every a, 6 £ A, tp a< b belongs to the maximal clone. 
Therefore case (5) cannot happen as well. By Corollary 15. 101 a WNU cannot 
preserve an /i-universal relation. Thus, we get a contradiction, which means 
that <7 is a full relation. □ 

Lemma 6.3. Suppose p C A n , n > 3, is a strongly rich relation, a is a totally 
reflexive relation of arity m > 3, p and a are preserved by a WNU f. Then a 
is a full relation. 
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Proof. By Lemma lG.il for every a, & £ A we have a permutation ip a 5 : A A 
such that for every <5 £ Ra 

^a,b( S ) e [{P^l u (=c l) l c£ A,i = 1 , 2 ,. 

Let T be the set of all permutations ip : A —>• A satisfying the property 
ip( 5 ) £ [{p, <5} U {=c ^ | c £ A, i = 1 , 2, ..., n}] for every S £ Ra ■ Obviously, T 
is closed under composition. 

Put cto = fl ip{cr)- For every a, b £ A we have 

i>a,b( a o) = P| i>a,b(^ J ( CT )) 2 P 1 p(<r) = do- 

Since ip a ^ is a permutation, ctq is preserved by ip a ,b- 

Since no is derived from p, <7, and {=c' ) | c £ A, i = 1,2 , ...,n}, <t 0 is 
preserved by a WNU We can check that (To is totally reflexive. By 

Lemma T6 . 2 1 00 is a full relation, hence the relation a is also full. □ 

Lemma 6 . 4 . Suppose (G; +) is a finite abelian group, the relation a C G 4 is 
defined by a = {(ai, a 2 , a3, 04) | ai + <22 = «3 + 04}, cr is preserved by a WNU 
f. Then f{x 1,..., x n ) = t ■ Xi + t ■ X2 + ■ ■ ■ + t ■ x n for some t £ { 1 , 2 , 3 ,...}. 

Proof. Denote h(x) = /( 0 , 0 ,..., 0 , x). Let us prove the equation 

/( xi ,..., x m , 0,..., 0) = h(xi) + ... + h(x m ) 

by induction on m. For m = 1 it follows from the definition. We know that 

( Xi X 2 ... X m x m+1 0 ... o\ 

X! x 2 x m 0 0 ^ 0 G which by the inductive assumption gives 

0 0 ... 0 x m+1 0 ... 0 J 

f (*^15 • • • 1 %m ? *^m+15 0? • • • 5 0) — 

f{xi , . . . , Xm , 0, . . . , 0) + h(x m+ 1) = h(x 1) + ... + h(x m ) + h(x m + 1)- 

Thus, we know that f(x i,... ,x n ) = h(x i) + ... + h{x n ). Let k be the 
maximal order of an element in the group (G;+). We know that for every 
a £ A we have h{a ) + h(a ) + ... + h(a) = a. Hence k and n are coprime, and 

--V-' 

n 

h(x) = t ■ x for any integer t, such that t ■ n = 1 ( mod k). This completes the 
proof. □ 

Lemma 6 . 5 . Suppose (G;+) is a finite abelian group, the relation p C G n , 
n > 2, is defined by p = {(oi,..., a n ) \ cti + • ■ • + a n = 0}, p is preserved 
by a WNU f of arity m. Then for every j £ { 1 , 2 ,..., n} there exists t £ 
{ 1 , 2 , 3 ,...} such that f^\xi ,..., x m ) = t ■ xi + t ■ X2 + ■ ■ ■ + t ■ x m 

Proof. Without loss of generality we prove the statement just for j = 1 . Let 

S(xi,x 2 ,x 3 ,x 4 ) = 3 y 2 ■ ■ ■ 3 y n 3 z 2 . ■ ■ 3 z n p(x lt y 2 , y 3 ,..., y n )A 

p{x 2, Z2, Z 3 ,..., z n ) A p{x 3 ,y 2 , Z 3 ,..., Z„) A p(x 4, Z 2 , 2 / 3 , - - - , Vn)- 
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It is easy to show that <5 = {(01,02,03,04) | ai + 02 = 03 + 04}. Then, the 
statement of the lemma follows from Lemma [ 6 ~ 4 l □ 

Lemma 6.6. Suppose (A; +) is an abelian group , cr, 6 C. A 4 , 

a = {(01,02,03,04) | ai + a 2 = a 3 + a 4 }; 

if (01,02,03,04) £ S then 01 = 03 02 = 04 and 01 = 04 ^ 4 * 02 = 03/ 

(a, b, a, b), (a, b, 6, a) € 6 for all a,b £ A; a and S are preserved by a WNU f. 
Then a = S. 

Proof. First, let us show that a C S. We can assume that / is chosen using 
Lemma 15.51 By Lemma 16.41 f(x-\,... ,x n ) = t-xi+i-x 2 + ...+t- x n . Since 
/ is idempotent, t is coprime to the order of the group. Because of the condi¬ 
tion from Lemma [531 we have /(0, 0,..., 0, /(0,0,..., 0, x)) = /(0, 0,..., 0, x), 
hence t 2 ■ x = t ■ x = x. Suppose (a, b , c, d) £ cr, then a + b = c + d. Since 

( a \ /a 0 0 ... 0 \ 

c ) = f [ c V 8::: 8 e Thus 

( a —a 0 ... 0 

c -c o!!! o 

d c—a—b 0 ... 0 

° \ 

o I £ S. Combining a + b ^ c + d and ai = 03 •<=> 02 = 04 for 
c-\-d—a—b J 

(01,02, 03, 04) £ 5 , we get a contradiction. □ 

Theorem 6 . 7 . Suppose p C A n is a strongly rich relation preserved by a 
WNU. Then there exists an abelian group (A; +) and bijective mappings <f> 

4 >2, ... ,<p n '■ A —> A such that 

p = {(xi, ...,x n ) I (j) i(xi) + 4 > 2 (x 2 ) + . . . + <j>n{Xn) = 0}. 

Proof. If ar(p) < 3 then the statement can be easily checked. Thus, we assume 
that ar(p) > 3 . Let (03,..., a n ) £ A n ~ 2 , 

a(x i,x 2 ,x 3 ,x 4 ) = 3 y 3 y' 3 z' p(xi, y, o 3 , o 4 ,..., a n )A 
p(x2, y\ z\ 04,..., a n ) A p(x 3 , y', a 3 , a 4 ,..., a n ) A p(x 4 , y, z', a 4 ,..., a n ). 
Claim 6 . 7 . 1 . a is a strongly rich relation. 

Proof. We know that p is strongly rich. Therefore, if we pick values for 3 of 4 
variables of <7, then the remaining variable can be uniquely calculated using p. 
For example, if we pick values for xi, x 2 , X4 then we have a unique value for y, 
then we have a unique value for z', then a unique value for y ', and therefore a 
unique value for X3. □ 

Claim 6 . 7 . 2 . Suppose (xi,x 2 ,X3,X4) £ o, then x\ = X3 <=> x 2 = X4 and 
Xl = X4 O x 2 = X3. 

Proof. Let us prove the first statement. Assume that xi = X3. Since p is 
strongly rich, y = y ', therefore x 2 = X4. □ 

Claim 6 . 7 . 3 . <j(xi, x 2 ,X3,X4) = <7(x 2 ,Xi,X3,X4). 
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Proof. Put o' (x\, a? 2 , £ 3 , X 4 ) = o(x\, X 2 , 23 , X 4 ) A <r(x 2 ,Xi, X 3 , X 4 ). Let us show 
that a' = a. 

Put a'^ixi, X 2 , X 3 ) = 3 x 4 o'(xi,X 2 ,Xs,X 4 ). Obviously, if X\ = X 2 then for 
every X3 we can choose X4 such that (xi,X2, X3, X4) £ 0. Therefore, if X\ = X2 
then (x\,X 2 ,X 3 ) £ <j\. If X\ = X 3 then we can take X 4 = X 2 , if £2 = X 3 then 
we can take X 4 = x\. Then a '4 is totally reflexive, hence by Lemma |6.31 o\ is 
a full relation. Therefore, o' contains at least |Al | 3 tuples. We know that o 
is strongly rich, which means that a contains exactly |H | 3 tuples. Combining 
this with cr' C o we obtain o' = o. □ 

Let d £ A, we say a ffid b = c if (a, 6 , c, d) £ a. Since o is strongly rich, the 
operation is well-defined. Let us prove the following properties of the operation 

©d- 

Claim 6.7.4. For every a,b,c,d £ A 

( 1 ) a(Bdb = b ©d a (commutativity); 

( 2 ) a (Bd d = a, d (Bd a = a (neutral element); 

(3) there exists e such that a ®d e = d(inverse element); 

( 4 ) (a®db) ®d c = c®d (b ®d c ) (associativity). 

Proof. Commutativity, existence of a neutral element and an inverse element 
easily follow from the above properties of a. Let us prove associativity. Put 

a , (x ll x 2 ,X 3 ,X 4 ) = 3yi3y 2 3y 3 a(xi,x 2 ,yi,X 4 ) A a(y ± , x 3 , y 3 , cc 4 )A 

cr(x 2 ,X3,y 2 ,X4) A a(x 1 ,y 2 ,y3,X4), 

which means a 1 = {(a, b , c, d) \ (a ©^ b) ©^ c = a ©^ (6 ©^ c)}. We consider 
a tuple (a,b,c,d). If a = d, b = d, or c = d, then (a,b,c,d) £ o' because 
of the above properties. If a = c then it follows from the commutativity. 
Let o"{x\, X2, X3) = o'(xi,xi,X2,X3) A o'(x2, X\, X\, X3). Then o" is totally 
reflexive, which, by Lemma 16.81 means that o" is a full relation. Hence, o’ is 
totally reflexive, which means that o’ is a full relation and ©^ is an associative 
operation. □ 

Thus, ©d is a group operation for every d £ A. 

Claim 6.7.5. 0 = {(a, b,c,d) | a © e b = c © e d} for every e £ A. 

Proof. First, we want to prove that (a ©^ b) ffib d = a. It follows from the 
definition that o(xi,X 2 ,X 3 ,X 4 ) = o(x 3 ,£ 4 ,xi,£ 2 )- Therefore the formula 
3 x 3 o(xi,X 2 ,X 3 ,X 4 )A<j(x 3 ,X 4 , X\, X 2 ) defines a full relation, which means that 
(xi © 2,4 X 2 ) © 2:2 x 4 = x\. It remains to put x\ = a, x 2 = b , X 4 = d. 

Second, we prove that (a ©d b) © c d = a ffi c b. Put 

o , (xi 1 x 2 ,x 3 ,X 4 ) = 3yi3y 2 3y 3 o(xi, x 2 , yi, x 4 )A 

v{yi,X 4 ,y 3 ,x 3 ) A o(xi,x 2 ,y 3 ,x 3 ), 
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which means a' = {( a,b,c,d ) | (a ©<* b) © c d = a © c b}. If a = d, b = d, 
or c = d then we can easily check that (a,b,c,d) € o’. If a = c or b = c 
then it follows from the previous statement that (a, 6 , c, d) G a'. Then the 
relation a" (aq, 23 , aq) = er'(aq, aq, aq, aq) is totally reflexive, and therefore, by 
Lemma 16.31 is full. Hence, a' is also totally reflexive and full, which proves 
that (a ®db) ® c d = a © c b. 

We know that 

a = {(a,b,c,d) \ a ©^ b = c} = {(a, 6 , c, d) | (a ©<j b) ffi e d = c © e d}. 
Using the above equation we obtain a = {(a, 6 , c, d) \ a © e b = c © e d}. □ 

We choose an element from A which we denote by 0. We denote the oper¬ 
ation ©0 by +. Let <j> 1 be defined by <j>i(x) = x. 

We put <f> 2 {x) = —y (y, x, CI 3 ,..., a n ) £ p. We define <pi for i > 3 as 
follows. 

M x ) = (2A 02 _ 1 (O)i ■ • ■ > 0<lli(O), x, cti+i,..., a n ) G p. 

We can prove recursively that a* = ^^(O) f° r * > 3. 

Now we are ready to prove the statement of the theorem. We need to prove 
that for every fq,..., b n G A we have 

b\ + ... + b n = 0 <£=>■ ( 61 , (f> 2 1 (p2), ..., 0 ri 1 (6„)) G p. 

Let m be the number of i G {2, 3,..., n} such that bi 7 ^ 0. We will prove 
the statement by induction on m. For m = 0 and m = 1 it follows from the 
definition. 

For m > 2, without loss of generality we assume that 62 7 ^ 0 and !i„/0. 
Let 


S(x i,x 2 ,x 3 ,x 4 ) = 3y 2 ...^yr3z p(aq, y 2 , 2 / 3 ,2/4, • ■ •, y n -i, 2 m)A 

P{x 2 ,z,y 3 ,yi,.. .,y n -i,a n ) A p(x 3 ,z,y 3 ,y 4 , ■.■, 2 M-i, 2 /n)A 

p(x 4 ,y 2 ,y 3 ,y 4 ,---,y n -i,a„) ( 1 ) 

We can easily check that if (aq, aq, aq, aq) G S then aq = x 3 X 2 = X 4 and 
x\ = X 4 X 2 = £ 3 , and (a, b, a, &), (a, b, 6 , a) G d for all a, b G A. Then by 
Lemma 16.61 we get 6 = cr. 

Put yi = for every * G {2,3,..., n}, and z = </>^" 1 (0). Since p is 

a strongly rich relation, there exist unique aq, £ 2 , £ 3 , X 4 satisfying (JTJ). Thus, 
(aq, X 2 , x 3l X 4 ) G <5, and therefore (xi, 3 : 2 , x 3 , X 4 ) G er. By the inductive as¬ 
sumption we have 

X2 + b 3 + ... + b n _ 1 = 0 , 
a^3 + ^ 3 + ... + b r j_i + b n = 0 , 
a ?4 + 62 + fq+ ... + b n —1 = 0 . 

By Claim l677.51 we have ai+X 2 = X 3 +X 4 which means ai +&2 + - ■ • + b n = 0. 
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If bi + ... + b n = 0 then x 1 = b 1 , and ( 61 , <j> 2 1 (b 2 ), ■.. , ^~ 1 ( 6 n )) € p. 
If (b±, ^ 1 ( 6 2 ), • • • , fin 1 ^)) S p then b\ = x\ because p is strongly rich. 
Therefore b\ + ... + b n = 0. This completes the proof. □ 

7. A core of a key relation 

7.1. Main properties. A relation er C p is called a core for a key relation 
p if there exists a unary vector-function T such that 

(1) 4/ preserves p; 

( 2 ) there exists a key tuple a for p such that T(o;) = a; 

(3) ’J'(p) = er; 

(4) f o>P = f; 

(5) there does not exist a vector-function T' satisfying (l)-(4) such that 
V{A n ) C 4-(A n ). 

We say that T is a restricting vector-function. 

Lemma 7.1. For every key tuple a in a relation p there exists a core u and 
a restricting vector-function 4/ satisfying T(a) = a. 

Proof. We consider the set T(A”) for every vector-function 4/ satisfying prop¬ 
erties (1),(2) and (4). We choose a minimal set among these sets and choose 
the corresponding vector-function $ as a restricting vector-function. Since 
identity satisfies the above properties we always can find a restricting vector- 
function. It remains to put cr = 4t(p). □ 

Different properties of a core are summarized in the following lemma. 

Lemma 7.2. Suppose cr is a core of a key relation p, 4/ is a restricting vector- 
function. Then we have the following properties. 

(1) cr is a key relation; 

(2) the patterns of a and p are equal; 

(3) cr is a core of cr; 

(4) suppose a € 4 ’(A n ), then a is a key tuple for p if and only if a is a 
key tuple for cr. 

(5) suppose cti is a key tuple for cr, «2 ^ er. then every vector-function 
D preserving cr and satisfying O(ai) = a.i is a bijective mapping on 

prer; 

(6) suppose a vector-function 4> preserves A n \cr, (3 is not a key 

tuple for cr. but 4 > (/3) is a key tuple for cr, then 4>(a) € cr for every 
key tuple a for a. 

Proof. First, let us prove statement (4). Suppose a is a key tuple for p which 
is in 4t(a) (so 4/ (a) = a). Let us prove that a is a key tuple for cr. Suppose 
7 G A n \ cr. We need to find an appropriate vector-function which maps 7 to 
a. If 7 ^ p, then by definition there exists a vector-function Q which preserves 
p and maps 7 to a. Obviously 4> o preserves cr and maps 7 to a. Assume 
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that 7 £ p \ cr, therefore 7 ^ 4 f(A n ). Without loss of generality, we assume 
that 7 ( 1 ) ^ '3> < 1 )(A). Since p is essential, a is an essential tuple for p and there 
exists a such that (a, a(2),..., a(n)) £ p. Let us define 12 in the following way. 

ft (i) (x) = a{i) for every i £ {2, 3,..., n}, ^ X 7 ^’ • 

(^ ( 1 ) (a), if® 967 ( 1 ). 

We can check that 12 preserves cr and maps 7 to a. 

Suppose a is a key tuple for cr. Let us prove that a is a key tuple for p. 
By the definition of a restricting vector-function we have a key tuple for p 
such that 4/(/3) = /3. Using above argument we prove that (3 is a key tuple for 
cr. Suppose 7 ^ p, then there exists a vector-function 12 that preserves p and 
maps 7 to /?. Since a is a key tuple for er, there exists a vector-function 12o 
that preserves er and maps /3 to a. Obviously, 12o o 4/ o 12 maps 7 to a and 
preserves p. Hence, a is a key tuple for p. 

Statement (1) follows from statement (4). 

( ai \ 

Let us prove statement (2). Suppose : is a key tuple for er, and 

therefore it is a key tuple for p. Combining Lemma 12.71 with the fact that 
a .... p p 

cr C- p we obtain that i 7 ^ j implies i 76 j. Assume that i 7 ^ j. By Lemma 12.71 


/ ? \ 


there exist 6,;, bj £ A such that 


a 1 

a.i-i 

CLi 

ai+i 


a 3 -1 
b 3 

\Tj 


/ “1 \ 


/ a 7 \ 

CLi- 1 


CLi- 1 

bi 


bi 

a-i+i 


tti+1 

a j — 1 

5 

a 3- 1 

a j 


b i 

a 3 + 1 


a . J+l 

V a*n / 

V « n / 


£ p. It remains 


to apply the restricting function T to these tuples and apply Lemma [2771 to 


show that i 'Z' j. 

Let us prove statement (3). Assume that cr is not a core of cr, then there 
exists a core cr' that can be obtained from cr by applying a restricting vector- 
function 12 that maps a key tuple a to a. By statement (4) the tuple a is also 
a key tuple for p. Then the vector-function T' = 12 o $ preserves p, maps a 
to a, and 42'(A™) C ^(A™), which contradicts the definition of a core. 

Let us prove statement (5). Suppose a vector-function 12 preserves cr and 
maps a\ to «2 Assume that 12 ('L (A”)) C 4 f (A 11 ). By the definition, there exists 
a vector-function 12' which maps «2 to a\ and preserves cr. Then the vector- 
function \fd = 12 , ol2o4' preserves p and maps op to op. We can easily find t such 
that 4>" = 42' o 42' o • • • o 42', and 42"o42" = 42". Thus we have 42"(A”) C 4 , (A n ) 


t 

which contradicts the definition of a core. Hence 12('!'(A™)) = 4'(A n ), which 
means that 12 is a bijective mapping on prcr = 42(A n ). 

Let us prove statement (6). Assume that 4>(a:) ^ er for a key tuple a. Then 
by statement (5), $ is a bijection on prcr. Hence, by Lemma 15. 41 $ maps key 
tuples to key tuples, which contradicts our assumptions. □ 
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Lemma 7.3. If a key relation p is preserved by a WNU f, then a core of p 
is preserved by a WNU of the same arity. 

Proof. Let tr be a core of p and is a restricting vector-function. Put 
f'(x= i I>(f(xi,...,x rn )). It is easy to see that f' preserves u 
and f' is a WNU on prer. To complete the proof we define a WNU f" that 
coincides with f ’ on pr u. □ 


7.2. Pattern of a core. Suppose p C A n , a,/3 £ A 71 . We say that a pair 

p 

of tuples (o,/3) witnesses i / j if a is a key tuple for p , a{k) = P(k) for 
every k £ {i,j}, and the tuples (a(l), • • •, a(i — 1), p(i), a(i + 1),..., a(n)), 
(<*(!),•■ .,a(j - 1 ),P{j),a(j + 1),. . .,a(n)), and P belong to p. 


Lemma 7.4. Suppose p is a key relation preserved by a WNU f , 1 ~ 3, the 

/ / a i \ / bi \ \ / a i 

/ a-?. \ h~ \ \ p /^(b2,a2,...,a 

witnesses 1^2. Then as I G p. 


pair 


a 2 
CL3 


\ 



V 


Proof. Since p is essential, there is &3 G A such that (ai, 02 , ^ 3 , 04 , ■ • ■, a n ) € p. 
Let m be the arity of /. For j £ {0,1, 2,..., m} let 

cj = f {1) ( b i,...,bi ,ai,...,ai), dj = / (3) ( q 3 ,. ,a 3 , b 3 ,...,b 3 ). 

j 3 


Denote b’ 2 = / (2) ( 62 , a 2 , ■ ■ ■, a 2 ), Pj = {cj,b' 2 ,a 3 ,... ,a n ). 

Let us show by induction that for every j £ {0,1, 2,..., m — 1} we have 
fij £ p. Since f i2 \b 2 ,a 2 , ...,a 2 ) = f i2 ' l {a 2 ,.. .,a 2 ,b 2 ), we have /3 m _i £ p. 

p 

Since 1 ~ 3 we have 





e P=> 


/ 



a 3 

CI 4 


£p. 


\dj \ a n / V a n / V a'n 


We can check that the first two tuples in the above formula always belong to 
p. Hence, Pj £ p =>■ Pj-i £ p. By induction we get Pq £ p. This completes 
the proof. □ 


Lemma 7.5. Suppose p is a core, ( 61 , a 2 ,..., a n ), (ai, b 2 , a 3 ,..., a n ) £ p , 
(ai,..., a n ) is a key tuple for p, 1 ~ 2. Then ( 61 , b 2 , a 3 ,..., a n ) is a key tuple 
for p. 


Proof. Assume that ( 61 , b- 2 , a 3 ,..., a n ) is not a key tuple for p. Since a = 
(ai,... ,a n ) is a key tuple for p there exists a vector-function ’F preserving 
p which maps ( 61 , b 2 , a 3 ,..., a n ) to (ai,..., a n ). By Lemma 17.21 ( 6 ) we have 


'F(a) £ p, then 


( 


/ 4 f(1) (ai) \ 

\ 


CL2 \ 

“ 3 , 

'P (2) (a2) 



CL3 


\ 

V of / 

V an ) 

/ 


witnesses 1^2. Contradiction. □ 
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Lemma 7.6. Suppose p C A n is a core preserved by a WNU f, p G {3,..., n}, 

1^2, 1 ~ 3, 2 ~ p. Then for every key tuple (ai,... ,a n ) for p and every 
i € the mapping g(x) = x) is a bijection on pr, p. 



Proof. Let 


By Lemma 17.41 we have 


and 1 ~ 3, we get 


be a pair that witnesses 1 2 , let 


/ ■f (1) ( 61 , 01 ..., 01 ) \ 

■ 

G p. Since 

/O! \ 

o 2 \ 
63 

<24 

V a'n y 


V a n / 


/ 01 \ 

la 2 \ 

63 


\a n J 


e P . 



/ / ( 1 ) ( 6 l,oi...,ai) \ 

f 04 

(il\ 

p. Put h 

= f 

/ ai . 

r a 2 . 

&3 • 

04 . 

. ai 

. a 2 

• &3 
. a .4 

Xi \ 
X 2 ' 
X 3 

214 

V o'„ / 

\x n ) 


Un • 

• a n 

i) 


Obviously, h preserves p. It follows from Lemma 17751 that the tuple Mj 3 is 


a key tuple for p. Since h 



\ dji / 

^ p, by Lemma [772] (5) 


the mapping h is a bijection on pr p. So, we have h ^ (. x ) = /^ (a*, a*,..., a*, x) 
for i ^ 3, therefore /^(a*, a*,..., ai,x) is a bijection on pr j; p. 

It remains to prove the statement for * = 3. In this case we choose 
(&i, 02 , & 3 , a 4 , • ■ ■, a n ) as a key tuple and (b±, 02 , 03 , 04 ,..., a n ) as a tuple from 
p, and repeat the whole proof. As a result we prove that /* 3 ^(a 3 , a 3 ,..., < 23 , cc) 
is a bijection on pr 3 p. □ 


' p 

Lemma 7.7. Suppose p C A™ is a core preserved by a WNU f, 1 76 2, 1 ~ 3. 

p 

T 7 ie ?2 2 9 ^ p for any p G {3,..., n}. 



Proof. Assume that 2 ~ p for p G {3,..., n}. Let 


/ 01 \ 

a 2 \ 

P b 3 

pair that witnesses 1 96 2, let “ 4 G p. Since / preserves p, we have 


be a 


V o„ / 


/ ai 

U 2 \b 2 ,...,b 2 ,a 2 ) 

f (3 H a 3,...,a 3 ,b 3 ) 

<24 


f {2) (b 2 ,...,b 2 ,a 2 ) 


a 3 

<24 


/< 2 )(& 2 ,...,& 2 ,a 2 ) 

f {3 \a 3 ,...,a 3 ,b 3 ) 


ep- 
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1 ~ 3, therefore 

/ Qi \ 
/ (2) (b2,...,f>2,a 2 ) 
a 3 

(«) 

£ p. Put h 

= f 

/ a 1 . 

b 2 ■ 

a 3 ■ 

. a 1 
• &2 
• 03 

Xi \ 

X2 \ 
X3 


V a’n J 

\XnJ 


V a n • 

• a n 

J 



By Lemma 17.51 62 occurs in a key tuple for p. Then by Lemma 17.61 h is a 
bijection on prp. But h preserves p and maps a tuple (ai,..., a ra ), which is 
not in p, to a tuple from p. This contradiction completes the proof. □ 

The following theorem follows directly from Lemma 17.71 

Theorem 7.8. Suppose p is a core preserved by a WNU, then ~ is an equiv¬ 
alence relation such that at most one equivalence class contains more than 1 
element. 

Combining the above theorem and Lemma 17.21 21 we obtain the proof of 
Theorem 13.11 from Section [3] 

7.3. Core of a key relation with full pattern. 

Lemma 7.9. Suppose cr is a core with full pattern. Then every connected 
component of Key(cr) can be represented as A\ x A<± x • • ■ x A n for some 
d i , • • •, A n C A. 

( ai 
a.2 

a 3 

a n 

we denote by a,0±,02,03 correspondingly. Assume that a £ Key(cr) but 
each of the tuples 0i, 02, 03 belongs to Key (cr). By Lemma 17.21 cr is a 
key relation, then there exists a key tuple 0 for cr and a vector-function ’I' 
preserving cr such that ’L(a) = 0. Then, by the property (6) in Lemma 17.21 

cr 

we have '$(02), &(03) £ cr - Therefore 1 2, which contradicts the fact 

that the pattern is full. Hence a £ Key(cr). 

Using the same argument for other coordinates we can show that every 
connected component of Key(cr) can be represented as A\ x A 2 x • • • x A n . □ 

Connected components of Key(cr) that contain a key tuple of cr are called 
key blocks. If a core is preserved by a WNU, then we can get a description of 
key blocks of a core. 

Lemma 7.10. Suppose cr is a core preserved by a WNU f , k ~ l, k 7^ l, 
(ai,... ,a n ) is a key tuple for cr. Then (a;,..., at, x) is a bijection on 
pr^ cr for every i { k , /}. 

Proof. Without loss of generality we assume that k = 1, l = 2. Let m be 
the arity of /. Since cr is essential, (61,02, ■.., o„), (01,62, <23 ,..., a n ) £ cr for 
some 61,62 £ A. Put Cj = /* 1 - > (6{a™ _J ), dj = / (2 '(a™ _J 6^), a = (ai,... ,a n ), 

0j — (Oj , drn—j—i, a 3, . . . , On), ''fj — {Cj , , (Z3, . . . , . 

Assume that 0j £ cr for every j £ {0,1,... ,m — 1}. Then we have the 

following path in cr: 7o - 0o - 7i - 01 -7m-1 - 0m -1 - 7m- Since 1 ~ 2, 

we can easily derive that (cq, do, <23 ,..., a n ) = a £ cr. Contradiction. 
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Assume that Bj ^ cr for some j £ { 0 , 1 ,..., rrz — 1 }. Then define ft 

a- 3 x 3 a 3 ~ - - _ We can c } iec k that ft (a) = Bj and ft preserves cr. 


f 1 1 

a 3 2 X2b™~ 

i -3 


By 


\ ai^XnCL™ 1 3 J 

Lemma [7721 (5), h is a bijection on pr cr. Hence h {i \x) = f j) (CLi ,... ,cti,x) is 
a bijection on pr.j cr for every i £ {3,4,..., n}. □ 


Lemma 7.11. Suppose cr is a core with full pattern of arity n > 3 preserved 
by a WNU f, a\a and b±a belong to a key block. Then for every B £ A "” 1 we 
have either ai/3, b\B £ Key(cr), or a±B , b±B £ Key(cr). 


aiB £ Key(cr). Put ft 



. Since cr has full pattern, 


Proof. Let a = ( 02 ,..., a n ). Assume that biB £ Key(cr), let us show that 

( f (1) (bi,...,bi,xi) 

/ (2) (a 2 ,...,a 2 ,x 2 ) 
f( 3) (a 3 ,...,a 3 ,x 3 ) 

V f <n Ha n ,...,a n ,x n ) , 

for every tuple <5 from a key block and every j £ { 1 , 2 ,..., n} there exists a 
key tuple 7 from the key block such that 7 (j) = S(j). Hence, by Lemma 17. 101 
h is a bijection on pr cr. 

By Lemma l5lfl the vector-function h preserves Key(cr), therefore h(aiB) = 

( 


/ (1) (oi,6i,...,6i) 

f < ' 2 Ba 2 ,...,a 2 ,/3(l)) 

/ <3> ( a 3,--, a 3 ,P(2)) 

V f (n Ha, n ,...,a n ,P(n-l)) 

Key (cr), we obtain a\B £ Key(cr 


£ Key(cr). Since ft, is a bijection on pr cr preserving 


□ 


Corollary 7.12. Suppose cr is a core of arity greater than 2 with full pattern 
preserved by a WNU. Then every key block of cr can be represented as A\ x 
• • • x An for some Ai,..., A n C A. 

Using the same argument as in Lemma 17.111 we can prove the following 
lemma (we just need change Key (cr) to cr everywhere in the proof). 


Lemma 7.13. Suppose cr is a core with full pattern of arity n > 3 preserved 
by a WNU f, a\a, b±a belong to a key block , and aia,bia £ cr. Then for 
every B £ A n ^ 1 we have either a\B, b±B £ cr, or aiB, 6i/3 ^ cr. 

Lemma 7.14. Suppose (G; +) is a finite abelian group, n > 3, and the relation 
p C G n is defined by p = {(ai,..., a n ) \ a\ + • • • + a n = 0}, a vector-function 
T preserves p. Then for every a,b £ G and every i £ {1,2,..., n} the order 
of Vp(*)(a) — \[/W(b) divides the order of a — b. 


Proof. Without loss of generality we assume that i = 1. Let 

a(xi,x 2 , x 3 , x 4 ) = 3y' 2 3y' 3 3y 2 3y 3 ...3 y n p(xi,y 2 , y 3 , 2/4 • • •, y n ) A 
P(X2,y' 2 , 2 / 3 , 2/4, • • • , 2 In) A p(x 3 , 2 / 2 , 2/3,2/4, - - - , 2/n) A p(x 4 , y 2 , 2/3,2/4, • • • , 2 In)- 
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We can easily check that (x±, X2, £3, #4) G cr (#1 + £2 = £3 + £4). Let 
a 2 {x,y,z) = a(x, x, y, z), a j+1 (x,y,z) = 3y' <jj(x, y', z) Aa(x, y', y, z). We can 
check that (x, y,z ) €aj^j-x = y + (j — 1) • z. Put Sj(x, y) = <Jj{x , y, y), 
then (x,y) £ 5j means that j • (x — y) = 0. We know that tE^ 1 ) preserves 5j 
for every j. Assume that the order of (a — b) equals k. then (a, b) £ 5k- Hence 
(^■^(a), 4b 1 ) (6)) E 5k and the order of 4b 1 ) (a) — 4b 1 )(&) divides k. □ 

Lemma 7.15. Suppose (Gi;+) and (G2;+) are finite abelian groups, n > 3, 
the relations p 1 C G", p 2 Q G 2 are defined by 

Pi = {(ai,... ,a n ) | ai d-ha„ = 0}, p 2 = {(ai,... ,a n ) \ ai 3 -ha„ = 0}; 

there exists a vector-function 4> = (ipi,... ,ip n ), where ipi: G\ G 2 , such that 
'J'(Pi) C p 2 and ^((ci, 0,..., 0)) = (c 2 , 0,..., 0). Then the order of c 2 divides 
the order of C\. 

Proof. Consider a group (Gi x G2; +) and the relation p C (Gi x G2) n defined 
by 


P — {(( a ii ^1)) • • • j (a n , b n )) | ai + • • • + a n — 0 A b\ + • • • + b n — 0}. 

Define a vector-function SI by Sib) ((a, 5)) = (Q i iffia)). We can easily check that 
SI preserves p and ipi{ 0) = 0. Then by Lemma 17.141 the order of (0, c 2 ) — (0,0) 
divides the order of (ci,0) — (0,0), which means that the order of C2 divides 
the order of ci. □ 

Lemma 7.16. Suppose (G; +) is a finite abelian group, n > 3, and the relation 
p C G n is defined by p = {(ai,..., a n ) \ a\ + • • ■ + a n = 0}, Key(p) = G n . 
Then the order of every element in G is a prime number. 

Proof. Assume the converse. Let a be the element of G whose order is not 
prime. Let the order of this element be equal to k\ ■ k 2 for k\,k 2 > 1. 
Put b = k\ ■ a, and consider a vector-function T preserving p that maps 
(b, 0,0,..., 0) to (a, 0,..., 0). Obviously ’P maps (0,0,..., 0) to (0, 0,..., 0). 
Applying Lemma 17.141 for the first component we obtain that the order of 
(a — 0) divides the order of (b — 0). Contradiction. □ 

Lemma 7.17. Suppose (G;+) is a finite abelian group, n > 3, and a key 
relation p C G n is defined by p = {(ai,..., a n ) \ a± + • • • + a n = 0}. Then the 
order of the group G is a power of a prime number. 

Proof. Let (ai,..., a n ) be a key tuple of p. Obviously, (61, a 2 ,.. ■, a n ) £ p for 
b\ = — a 2 — 03 — ... — a n . Let the order of ( b± — a\) be equal to k. 

Assume the converse. Then there exists an element c E G \ {0} such that k 
doesn’t divide the order of c. By Lemma 17.141 we cannot map (c, 0, 0 ..., 0) to 
(ai,... ,a n ) by a vector-function preserving p. This contradicts the fact that 
(ai,..., a n ) is a key tuple. □ 
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Theorem 7.18. Suppose cr is a core with full pattern preserved by a WNU, 
n > 3, A\ x A 2 x • • • x A n is a key block for cr. Then there exists a finite field 
F, and bijective mappings fa : F for i = 1,2 ,... ,n such that 

ern(Ti x A 2 x ■ • • x A n ) = {(xi,...,x n ) \ fa(xi) + fa(x 2 ) 4- \~<t>n{x n ) = 0}. 

Proof. Assume that we have two different tuples aia, b\a £ cr and they be¬ 
long to the key block A± x • • • x A n . Let $ be a unary vector-function 
such that *F(A n ) = prcr and 'F(x) = x if x £ prer. Obviously, *F pre¬ 
serves cr. Let us define IF' as follows, \F'W _ \jd { ) f or j g {2,3, 

'F'W( X ) = | 1j ' ^ ^ 11 It follows from Lemma 17.131 that ai/3 £ 

I 4 f ( 1 l(x), otherwise. 

cr o bi/3 £ cr for every /3 £ A n ~ x . Hence, 'I'' preserves cr and 'F'(A n ) C prcr, 
which contradicts the fact that cr is a core. 

Hence, if a±a £ cr belongs to a key block, then for every bi ^ a\ we have 
b\a ^ cr. We can use the same argument not only for the first coordinate. 

Suppose (cii,..., a n ) £ A\ x • • • x A n . We know that the tuple (a 1 ,..., a n ) 
is either a key tuple, or belongs to cr, and we know that every key tuple is 
an essential tuple. This means that for every i £ {l,2,...,n} there exists 
b such that (ai,..., cij_i, b, a l+ i ,..., a n ) £ cr. By the previous argument, we 
can state that for every i £ {1,2,..., n} there exists a unique b such that 
(ai,..., dj-i, b, dj+i,..., a n ) £ cr. Then we can consider this key block as 
strongly rich relation. Combining Lemma 15.61 and Lemma 15.81 we can show 
that the WNU preserves the key block. Then, by Theorem 16.71 there exist 
a finite abelian group (G; +) and bijective mappings </>j : Ai —>• G for i = 
1,2,... ,n such that 

cr n(Ai X A 2 X ■ • • X A n ) = {(xi,...,x n ) | (fl{xi) + (j) 2 {X 2 )-\ - \-<fn{x n ) = 0}. 

By Lemma l7.161 the order of every element in the group G is a prime number, 
hence, we may consider a finite field instead of group. □ 

We prefer to consider a finite field instead of group in Theorem [7181 because 
the multiplication in F can be used in the following way. 

Lemma 7.19. Suppose F is a finite field, the relation p C F n is defined 
by p = {(x\,... ,x n ) | X\ + • • • + x n = 0}. Then p is a key relation and 
Key (p) = F n . 

Proof. Let us show that all tuples that are not from the relation are key tuples. 
For every a, fi £ F n \ p we need to find a vector-function 'F preserving p such 

that 'F(a) = fi. Let a = a(l) H- \-a(n) and b = /3(l)-l- \-fi{n). We know 

that a^0 and b ^ 0, then there exists d £ F such that a ■ d = b. Define ’F as 
follows d'b)(x) = d-x+{3(i) — d-a(i) for i £ {1,2,..., n}. Obviously, 'F(a) = fi. 
It remains to check that tF preserves p, which can be easily done. □ 


There is a conjecture that Theorem 17.181 can be strengthened as follows. 
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Conjecture 7.20. Suppose cr is a core with full pattern preserved by a WNU, 
n > 3, Ai x Ai x • • • x A n is a key block for cr. Then there exist a prime 
number p, and bijective mappings 0j : TL p for i = 1,2,..., n such that 

CrA{Ai X A 2 X ■ • • X A n ) = {(xi, . . . ,X n ) | 01 (x \) + 02 (x 2 ) 3-h 4>n(x n ) = 0}. 

Lemma 7.21. Suppose cr is a core with full pattern preserved by a WNU f 
of arity m, n > 3, A\ x A 2 x • • • x A n is a key block for cr. Then for every 
j € {1,..., n} there exist an abelian group ( Aj ; +) and an integer t such that 
for every ai ,..., a m € Aj we have f ^ (ai,..., a m ) = t-ai+t-a ,2 + ... + t- a m . 

Proof. Put cr' = crC\(A\ x A 2 x • ■ ■ x A n ). Using Lemma lAfil and Lemma l5.81 we 
obtain that / preserves the key block, hence / preserves cr'. By Theorem 17.181 
there exist a finite field F and bijective mappings 0j : A —t F for i = 1,2 ,... ,n 
such that 


cr' = {(a"i, ...,x n ) | 0i (a,’i) + 02 (^ 2 ) H-1- 4>n(x n ) = 0}. 

Using the bijection (j> 3 we define an abelian group (Aj ; +). Then, by Lemma lfi.51 
there exists an integer t such that (ai,..., a m ) = t ■ ai + ... +t ■ a m for 
every a\,... ,a m £ Aj. □ 


8. Proof of the main results 


8.1. Key relations with trivial pattern. In this section we prove state¬ 
ments from Section [3] for a key relation with trivial pattern. First, we prove 
the following lemma from that section. 

Lemma 13.31 Suppose p € Ra.u, (a-i, 02 , ■ ■ ■, a n ) p , bi,...,b n € A, and 
({ai, 61 } x (a 2 , 62 } x ■ • • x {a n , b n }) \ {(ai,a 2 ,... ,a n )} C p. Then p is a key 
relation and (ai, a 2 ,..., a n ) is a key tuple for the relation p. 


Proof. To prove the statement, for every (ci,..., c n ) ^ p we need to find a 
vector-function T preserving p that maps (ci,...,c ra ) to (a±,... ,a n ). Put 
aj, if x = c»; 

It is easy to see that it satisfies the above proper¬ 
ty, otherwise. 

□ 



A pair of tuples (ai,..., a n ) — (bi ,..., b n ) is called perfect if (ai,..., a„) 0 p, 
bi ^ a t for every i, and ({ai, 61 } x {a 2 , b 2 ) x ... {a n , b n }) \ (ai,a 2 ,..., a n ) C p. 
By the previous lemma, if there exists a perfect pair for a relation then the 
relation is a key relation. 

Lemma 8.1. Suppose p is a key relation preserved by a WNU f , pattern of 
p is a trivial equivalence relation. Then for every key tuple a there exists a 
tuple j3 such that (a) — (ft) is a perfect pair for p. 
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Proof. It is enough to show that there exists a perfect pair (7) — (5) for p 
because we can map 7 to the key tuple a by a vector-function U/ preserving p 
and put /3 = 'L(c)). 

The proof is by induction on the arity of p. Denote n = ar (p), r = ar(/). If 
n = 2 then it follows from the definition. To simplify explanation we assume 
that (0,0 ,..., 0) is a key tuple for p. 

We say that a tuple (d ±,..., d n ) is good if 


({0, dr} x (0, d 2 } x ... {0, d n }) \ {(0,0,.... 0)} C p. 


Here we break our agreement and admit that di = 0. 

We know from Lemma 15.31 and Corollary 12.81 that the relations defined by 


p(0, x 2 , x 3 , x 4 ,..., x n ), p(x\, 0, x 3 , x 4 , ...,x n ), p(x !,x 2 , 0, a? 4 , - - ■, x n 


are key relations with trivial pattern of smaller arity. Then by the induc¬ 
tive assumption there exist good tuples (ai, 0, a 3 ,..., a n ), (0, b 2 ,b 3 ,..., b n ), 
(ci, c 2 , 0, c 4 ,..., c n ), where a,; 7^ 0, 7^ 0, and Ci ^ 0 for every i. Let 



Obviously, r — 1 € B. 

Assume that 0 £ B, then let m be the maximal integer which is not from 
B. Then the following pair is a perfect pair 





Thus we can assume that 065 and 


0 

0 


V 6 
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Thus, we can assume that 



G p. It remains to check that 



/ / (1 )( Ol ,0,..,0) \ 
/ (2) ( 0,b 2 ,...,b 2 ) 
f <3) (a 3 ,b 3 ,...,b 3 ) 
/ (4) (a 4 ,b 4 ,...,b 4 ) 




is a perfect pair. 


□ 


Theorem 13.41 follows from Lemma 18.11 and Lemma 13.31 
Let us prove another theorem from Section [3] 

Theorem 13. 51 Suppose p is a key relation of arity greater than 2 preserved 
by a near-unanimity operation f. Then the pattern of p is a trivial equivalence 
relation. 

Proof. Assume that the pattern of p is not a trivial equivalence relation. With¬ 
out loss of generality we assume that 1 ~ 2. Let m be the arity of /. Let 
(ai,..., a n ) be a key tuple for p. Put a(x, y, z ) = p(x, y, z, 04,..., a n ). Since 
/ is idempotent, a is preserved by /. By Corollary 12.81 and Lemma [573] 1 ~ 2. 
Choose bi , 62, 63 G A such that (61,02,03), (oi, 62,03), (ai, 02, 63) € <r. Put 

<Jm(xi,.. .,Xm+ 1) = .. .3 y m 3zi .. .3 z m a(ai,yi,xi) A a(z ly y lt a 3 )A 

cr(zi,y 2 ,x 2 ) A a(z 2 ,y 2 ,a 3 ) A • • • A cr( Zm 5 l/irn a 3 ) A cr(z m , Q'2’) ^m+l)* 

Let us consider two cases. Assume that (03,..., 03) ^ cr m . Let us check that 
(&3,..., b 3 ) witnesses that (03,..., 03) is an essential tuple for a m . Suppose 
Xj = 63 and Xi = a 3 for every i 7^ j, then we put Zi = ai if i < j, z 4 = b\ 
if i > j, yi = b 2 if i < j, yi = a 2 if i > j. Put /3j = 03630™“*. Obviously, 
/(/?!, -.., fdm) = a™ +1 , which contradicts the fact that / preserves a m . 

Let us consider the second case. Assume that (a 3 ,..., 03 ) G <r m , then we 
can find appropriate y 3 ,..., y mi z \,..., z m . Since 1 ~ 2 we have 


{a 1 ,zi,z 2 ,...,z m } x {a 2 ,y 1 ,y 2 ,...,y m } x {o 3 } C a, 
which contradicts the fact that (01,02,03) ^ a. 


□ 


8.2. Key relations with almost trivial pattern. In this section we prove 
statements from Section [3] for a key relation with almost trivial pattern. 

Lemma 8.2. Suppose (oi,...,o„) is a key tuple for a relation p preserved 
by a WNU f whose pattern is {{1, 2}, {3}, {4 },..., {n}}. Then there exist 
bi ,..., b n G A such that 


({oi,6i} x {a 2 ,6 2 } x • • • x {a„,6„})\{(ai,a 2 , ... ,a n ), (h,b 2 ,a 3 , ... ,a„)} C p. 
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Proof. If n = 2 then the statement can be easily checked. Assume that n > 3. 
Let us show that it is sufficient to find a pair of tuples (c 3 ,... ,c n ) — (di,... ,d n ) 
such that (ci,..., c n ) ^ p, 

({ci} x {c 2 } x {c 3 , d 3 } x • • • x {c n , d„}) \ {(ci,..., c n )} C p, 
{(ci,d 2 ), (c 2 ,di)} x {c 3 ,d 3 } x ••• x {c n ,d n } C p. 


In fact, since 1 ~ 2, we obtain 

({ci,cii} x {c 2 ,d 2 } x ••• x {c n ,d n })\{(ci,c 2 ,... ,c n ),(di,d 2 ,c 3 ,... ,c n )} C p. 

It remains to map (ci,..., c n ) to the key tuple (ai,..., a n ) by a vector-function 
preserving p to complete the proof. A pair of tuples satisfying the above 
properties is called almost perfect. 

By Lemma PTTTT1 and Corollary 12. 81 the relations p l7 p 2 defined by 

Pi(x 2 ,x 3 , ...,x n ) = p(a 1 ,x 2 ,x 3 ,.. .,x n ), 

P 2 (x\, x 3 ,..., x n ) p(x 1 , a 2 , X 3 , . . . , Xn'j 

are key relations with trivial pattern. By Lemma l8.ll we can find perfect pairs 
(o 2 ,..., a n ) - (c 2 ,...,c„) and (oi, a 3 ,..., a n ) - (di, d 3 , ..., d n ) for p x and p 2 
correspondingly. 

Put bi = / (i ^ (ai,..., ai, Ci) for i = 3,4,..., n. Let m be the arity of /. For 
3 e {0,1,2 ,...,to} let 

% = i,... ■ ■ ■ ,ai), lj = / (2) ( a 2 ,... ,a 2 ,c 2 ,... ,c 2 ). 

j 3 

Suppose (e 3 ,..., e„) G ({a 3 , & 3 } x • • • x {«„, &„}) \ {(a 3) ..., a„)}. Let us show 
that (a\,a 2 ,e 3 , ..., e n ) G p. Denote ftj = ( kj,a 2 ,e 3 ,... ,e„). 

Let us show by induction that for every j G {0,1,2 ,...,to — 1} we have 

p 

f3j G p. We can check that /3 m _i G p. Since 1 ~ 2 we have 



/ kj-t 

a 2 
63 


V e'n 


G p. 


We can check that the first two tuples in the above formula always belong to 
p. Hence, (3j G p => fij—\ G p. By induction we get /3o G p, which means that 
(ai, a 2 , e 3 ,..., e n ) G p. Now, we can easily find an almost perfect pair. 

A / /W(ai,„ 2 ,c 2 ) \ 

^ p, then 


If 


// ( 1 >(di,...,di,ai)' 
d2 
13 


V 


V 


IS 


an almost perfect pair. Otherwise, 
perfect pair. This completes the proof. 


/ 01 \ 


/ o 2 \ 


p 

- 

vj 



C2 

/ (3) (a 3 ,...,a3,c 3 ) 

V / ( ”)(a n ,...,a n ,e„) / 


is an almost 

□ 
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Let us prove a lemma from Section [3] 

Lemma 13.71 Suppose 1 ~ 2, (ai, a 2 ,..., a n ) p, b ±,..., b n £ A, and 
({ai,&i} x • • • x {a n ,b n }) \ {(ai,a 2 ,a 3 ,.. .,a n ), Oi,& 2 ,a 3 ,... ,a n )} C p. 
T/ien p is a fcey relation and (ai, a 2 ,..., a n ) is a key tuple for the relation p. 


Proof. To prove the statement, for every (ci,..., c n ) (f p we need to find a 
vector-function \I> preserving p that maps (ci,..., c n ) to (ai,..., a n ). 

We consider two cases. First, assume that {c\. c 2 ,..., c n ) £ p for some c x . 
Put <t(cci, x 2 ) = p(xi,X 2 ,C 3 , ..., c n ). Since 1 ~ 2, every connected component 
of er can be defined as A\ x Aj. Let the connected component containing 
(ci,c 2 ) be Ai x A 2 . Then we define the vector-function as follows, ^^(x) = 
far, if x tA 1] ^^ x)= U, if x £ A 2 -, = U, if x = cp 

|&i, if x £ Ai. ’ 1 & 2 , if x £ A 2 .’ l6j, otherwise. 

i > 3. It is easy to see that it satisfies the above properties. 

Second case. Assume that for every c! x we have (c' 1; c 2 ,..., c ra ) ^ p. Then 


we define HI as follows, = a x , H/W(a;) = 


ai, if x = cp 
bi, otherwise. 


for i > 2 . 


It is easy to see that it satisfies the necessary properties. This completes the 
proof. □ 


Theorem l3.9l Suppose p is a key relation preserved by a semilattice operation 
or a 2-semilattice operation. Then the pattern of p is either trivial, or almost 
trivial. 


Proof. We can easily check that for every semilattice operation or 2-semilattice 
operation s we can define a WNU of arity m as follows f m (x x ,... ,x m ) = 
s(s(... (s(s(s(x 1 , x 2 ), X 3 ), X 4 ),...), x m -i), x m ). Thus, for every m > 2 there 
exists a WNU of arity m preserving p. 

Assume that the pattern of p is not trivial and not almost trivial. Without 
loss of generality we assume that 1 ~ 2 and 2 £ 3. Let (ai,..., a n ) be a key 
tuple for p. Put p’[x 1 , £ 2 , 2 : 3 ) = p(a;i, x 2 , £ 3 , 04, ..., a n ). Then p' is a key 
relation with full pattern. 

Let er be the core of p'. Put m = |Ai|, by Lemma FL3l there exists a WNU / 
of arity to preserving a. By Lemma f7.211 for every key block A x x A 2 x • • • x A n 
for cr there exist an abelian group (A x , +) and an integer t such that for every 
ai,..., a m £ A\ we have / (1 - > (ai,..., a m ) = t-ai+t-a 2 + ...+t - a m . Since 
to = | Ai|, and the order of a group divides the order of any element in the 
group, we obtain f l ' 1 \x,x,... ,x) = 0, which is not possible because / (1) is 
idempotent. □ 


8.3. Key relations with arbitrary pattern. 

Lemma 8.3. Suppose p is a prime number, A = {0,1,... ,p — 1}, p C A ra , 
n > 2, has a full pattern, {(xi,..., x n ) \ Xi + ... + x n = 0( mod p)} C p. 
Then p = A n . 
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Proof. There exists (ai,..., a n ) G p such that oi + ... + a n ^ 0. Hence, the 
connected component of p containing (ai,..., a n ) has more than one element. 
Let it be Bi x ■ ■ • x B n . Without loss of generality we assume that \Bi\ < 
\B 2 \ <•••< \B n \. 

Since (—02 — 03 —... — a n _ 1 — c, 02 ,..., a n _ 1 , c) G p for every c G A, we have 
{-a 2 - a 3 - ... - a n - 1 - c | c G B n } C Hi. Hence |-Bi| = \B 2 \ = ■ ■ ■ = |H n |. 
Similarly, {—02 — 03 — ... — a „_2 — c — d \ c G H n _ 1 , d G H n } C Hi, which 
cannot be true because |H n _i + H„| > \B n \ = |Hi|. □ 

Lemma 8.4. Suppose p is a core of arity n preserved by a WNU f whose 
pattern is {{1,2,..., r}, {?' + 1}, {r + 2},..., {?r}}. Then for every key tuple 
( 01 ,... ,a n ) there exist B = Bi x B 2 x ■ ■ ■ x B n , a prime number p and 
bijective mappings </>* : Bi —>• Z p for i = 1,2,... ,r such that ( 01 ,..., a n ) G B, 
Bi = {m, bi} for i = r + 1,..., n, 

p Ll B — (0i(xi) T • ■ - “b — 0) V (Xr-}-i — b r + 1 ) V • • • V (x n — bjfj, 

and every tuple 7 G B \ p is a key tuple for p. 

Proof. If r = 1 then the statement follows from Lemma [8TT1 If r = 2 then the 
statement follows from Lemma 18321 Suppose r > 3. Without loss of generality 
we can assume that / satisfies the condition from Lemma 15.51 Let us define 
two relations: 


Pi (*D 5 * • * 5 ) p{xi 1 * * * ; X r t Or-f- 15 ■ • • ; ^n): 

p 2 ( x r ,, x n ) — p{a\,... , O r _i, X r , ... , X n ). 

By Lemma [5.31 and Corollary 12.81 these are key relations, and the pattern of 
Pi is full, the pattern of p 2 is trivial. By Theorem 13.41 there exists a perfect 
pair (o r ,..., a n ) - (c r ,..., c n ) for p 2 . 

Choose ci such that {c\,a 2 ,... ,a n ) G p, then by Lemma 17.51 the tuple 
(ci, 02 ,..., a r - 1 , c r , a r + 1 ,..., a n ) is a key tuple for p. Hence, by Lemma T7.101 
/ ( ’ \c r ,..., c r , x) is a bijection on pr, r p. By Lemma T7. 101 (a*,..., a*, x) is 

a bijection on pr, : p for every i G {1,2 ,... ,nj. Since / satisfies the condition 
from Lemma 15.51 we obtain /^(a,;,..., ai, x) = x for every x G pr.j p and 
f'' 1 \c r ,... ,c r ,x) = x for every x G pr r p. 

By Lemmas [T7T| and [772] there exists a core cri of p x such that (ai,..., a r ) is a 
key tuple for cr i. By Theorem l7.181 there exist a key block A\ x A 2 x ■ ■ ■ x A r for 
cr i containing (ai,..., a r ), a finite field F, and bijective mappings fa : Ai —» F 
such that 

cri n (Hi x ■ ■ • x A r ) = {(xi,... ,x r ) | fa (xi) + fa{x 2 ) 4-b fa{x r ) = 0}. 

Let e = fa (ai) + fa(a 2 ) + ••• + fa(a r ). Obviously e ^ 0. Let p be the 
characteristic of F. Let us define a mapping fa: Z p —> Ai for every i G 
{1,2,... ,r}. Put fa(x) = (f^ifaiat) + x ■ e), Bi = {fa(x) \ x G Z p }. Denote 
bi = f ^ fai,..., Ci,a.i) for i = r + 1,..., n. By the definition ifi is a bijective 







36 


D. N. Zhuk 


Algebra univers. 


mapping from Z p to for every i and 

Pi n (B 1 x • •• x B r ) = {(a:i,... ,x r ) \ x i) + ... + ip~ 1 (x r ) = 0}. 

It remains to show that for every (di,..., d r ) £ B\ x • ■ • x B r and every 

(dr+l, . . . , d n ) £ ( {Pr+ 1 7 ++1} X * X {®nj ) \ { (^r+ 1 7 ••• 7 ^n) } 

we have (di,... , d„) £ p. Without loss of generality we assume that di = bi 
for i £ {r + 1,..., r'} and di = a,i for i £ {r' + 1,, n}. First, let us prove 
this if (di,..., d r ) £ p 1 . Since / preserves p we have 


/ di 

d 2 

d 2 

\ ,L 


= f 


/ 

ai 

ai 

di 

\ 


&r—l 

CLr-1 

d r -1 



Cr • • • 

C r 

d r 



Cr+1 ••• 

Cr+1 

CLr- 1-1 



C r / 

c r > 

a r' 



a r' +1 ••• 

a r' + l 

a r' +1 


V 

a n 

a n 

CLn 

/ 


£ p. 


Second, let us prove this fact if (di,..., d r ) = (ai,..., a r ). Then 

^ CL\ ... CL\ CL 1 \ / CL 1 CL\ ... CL\ CL 1 \ 


/ E \ 

CL3 


d r 


\ <L ) 


= f 


CL r — 1 
C r 

C r +1 


CL r — 1 CL r — 1 
CL<p 

Cr+1 CL r +l 


.. CL _j_ I CL r 


= f 


CL r — 1 CL r — 1 
C r +1 Cr+1 


CLr— 1 Ar—1 
C r C r 
Cr+1 Or+1 


. CL r / i i CL r 


\ a n ... a n a n ) \ a n CLn 

Then we apply Lemma 18.31 to the relation defined by 

cr(x\ 7 ... 7 x r ) — p(xi, • • •, iCf, d r +i, • • •, d n ), 


£ p. 


+ / 


and prove that (di,..., d n ) £ p in general. 

It remains to show that any tuple /3 = (di, d 2 , ■ ■ ■, d r , a r + 1 ,..., a n ) £ p is a 
key tuple. Put /?' = (dr, d 2 ,..., d r ), a’ = (ai, a 2 ,..., a r ), a = (a l5 a 2 ,..., a n ). 
Since a is a key tuple for p, there exists a vector-function that maps /? to a 
and preserves p. Let fl be a restricting vector-function for the core cri of p 1 . 
Put T' = (\HW, >lh 2 ), ..., 'F( r )). Since /3' belongs to a key block, 8' is a key 
tuple for cri. Hence, 11 o U/' preserves <J\ and maps the key tuple 8' to the key 
tuple a'. Then by Lemma [7.21 51 H(dt , (a')) ^ (T\. Therefore, ’P(a) ^ p. By 
Lemma 17. 21 51. T is a bijective mapping on prp. Hence /3 is a key tuple for 

p. ' □ 


Now, Theorem 13.21 is a trivial collorary of Lemma [8.41 In fact, for a key 
tuple we just consider a core for which it is a key tuple, and apply Lemma l8Hl 
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9. Key relations with full pattern 

9.1. Blocks of a core. A tuple (ai,..., a n ) ^ p is called a weak essential tu¬ 
ple for a relation p if there exist distinct ii,i 2 ,i 3 £ { 1 , 2 ,.. ., n} and b±, b 2l b 3 £ 
A such that (ai,..., cu.-i, bj, Oj.+i,..., a n ) £ p for every j £ {1, 2, 3}. Obvi¬ 
ously, every essential tuple of arity greater than 2 is a week essential tuple. 


Lemma 9.1. Suppose cr is a core of arity greater than 2 with full pattern 
preserved by a WNU f, and a — (3 — 7 is a path, where a £ cr belongs to a key 
block, (3 is a weak essential tuple, 7 £ cr. Then 7 belongs to a key block. 


Proof. Since (3 is a weak essential tuple, without loss of generality we as¬ 
sume that a = ( 01 ,..., On), (3 = (61,02,...,o„), 7 = (61,62, 03,..., o„), and 
(bi, 02, &3,04,..., o n ) £ cr for some 63 £ A. 

Also, we assume that / satisfies the condition from Lemma 15.51 Then, 
by Lemma 17.101 f^ 3 \a 3 ,..., 03,*) = 2 for every x £ pr 3 cr. If a and 7 are 
adjacent in cr then the statement is obvious. Therefore, we can assume that 
61 7^ ai and b 2 7^ 02- 

Assume that 7 doesn’t belong to a key block. By Theorem 17.181 there 
exists a key tuple (or, 02, a 3 ,04,..., a„) in the key block containing a. Then 
by Lemma 17 . 1 II we have (61,62, o 3 , 04,..., a n ) £ cr. 


Put cfl = bi for * = 1,2, 3, c^' +1 ' = / W (c^, 


,cp ] ,Oi). 



and 



) £ o - }- 

Ji-W 
^1 
a 2 

,b+i] 

-3 


that 


Let d = {(d 1 ,d 2 ,d 3 ) | (di, d 2 , d 3 , a 4 ,... 

[0] \ / c [0] \ / 4 °' 

■ U:™), 4: 

' ^ a 3 / \ a ' 3 

/( 2 )(c“,...,c^,o 2 
f { 3 \a 3 ,...,a 3 ) 

1,1 \ /oW\ 

, I 4 J) I £ d for every j = 0 , 1 , 2 




// (1) (4 
= / ( 2 ) ( 4 J) 

V f^ 3 ) (o. 3 ,a 3 ,...,a 3 



M 


,01) 


(o 2 ,...,a 2 ) 


we obtain 


We have 4 ,+1] = f {2) P. 


/ (1) ( 44 

[,I 


Jil 




,° 2 ) 


/ ( 3 ) (“3,..., a 3, c 3 

/ „U 1 \ 


Uh 


4 * \ 


// ( 1 ) ( 44 - 

Jo] Jo] 

,.,c 1 ,c 1 

.[*+11 

= 

/ ( 2 ) ( 4 fcl - 

[fc] 

.., c l 2 , a 2 

> / 



Jo] Jo] 

•>°3 ’ c 3 


for every j and fc, hence we get 4 fcl £ ^ fo r every k > j. Since A is finite, 


Jil 

c 3 ■ 


M _ 


for some l > m. The above argument gives 



full pattern and 


This means that (c 3 m ^, a 2 , a 3 , 04,..., 



£ 6, we get 


; o 2 , a 3 , 04 ,. 



£ 6. Since cr has 


£ S. 


£ cr. 


contradicts Lemma 17.131 Therefore 7 belongs to a key block. 


which 

□ 
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Corollary 9.2. Suppose p is a core of arity greater than 2 with full pattern 
preserved by a WNU, S is a connected component of p containing a key tuple. 
Then every tuple ft £ pC\ S belongs to a key block. 

Proof. Because of connectedness, we can find a path ao~ai — a 2 — •• - — ctm = f3 
where a 3 belongs to a key block and Oj £p for every i. It is easy to avoid the 
situation where aj , <x/+i ^ p. In this case we just find o' £ p to get a path 
ay — ab — ctj+ 1 - It remains to use Lemma f9~TI □ 

Theorem 9.3. Suppose p is a core of arity n > 3 with full pattern preserved 
by a WNU. Then every connected component S off) containing a key tuple can 
be represented as A\ x A 2 x • • • x A n , where Ai,..., A n C A. 

Proof. Let Ai = pr, S for every i = 1,2,..., n. By Lemma HTBl every connected 
component of p is preserved by the WNU, therefore Ai is preserved by the 
WNU for every i. Thus, we have a WNU on Ai for every i. 

For k = 2,3,..., |Hi| we define a relation 07 as follows: 

( 2 / 112 / 2 >... ,2/fc) = ^xi3x 2 ■ ■ ■ 3 x n d(x 1 ,x 2 ,x 3 ,.. .,x n )A 

p(yi,x 2 ,x 3 , .. .,x n ) A p(y 2 ,x 2 ,x 3 , ..., x n ) A • • • A p(y k ,x 2 ,x 3,... ,x n ). 

By Corollary 19.21 and Corollary 17. 121 for every 31,32 £ A\ we can find key 
tuples 71,72 such that 71 ( 1 ) = g 1 and 72 ( 1 ) = 32 - Then by Lemma [7.21 51 
there exists a unary vector-function d' preserving p such that ^(yi) = 72 and 
'F is a bijection on prp. Thus, we proved that for all 31,32 £ A\ there exists 
a mapping ’F^b from 31 to g 2 which preserves C 7 for every i and is a bijection 
on A\. 

Obviously, 02 is reflexive and symmetric on A±. Since A 3 is a projection of 
the connected component S , for any b,c £ A\ there exists a path 07 ,..., a s 
in S such that ai(l) = b , 07 (1) = c. It follows from the definition of a 2 
that if ai and a^+i differ in the first component then (ai(l), ai+i(l)) £ a 2 . 
Therefore, the graph defined by a 2 is connected on A\. Then by Lemma |6. 21 
we get a 2 = Ai xli. 

Then we consider the minimal l > 2 such that 07 A\. Obviously ai is to¬ 
tally reflexive and symmetric on A 3 , which contradicts Lemma l6.2l Therefore 
a lA 1 \ = which means that there exists {x\,... ,x n ) £ pfl<5 such that for 

every y £ A\ \ {xi} the tuple (y, x 2 ,..., x n ) belongs to p. 

Recall that we consider a core, and every tuple from ptlS belongs to a key 
block. By Corollary 19.21 and Theorem l7.18l two tuples from pfl<5 cannot differ 
in just one component. Hence, ( 3 , x 2 ,..., x n ) (f p for every y £ A\ \ {x 3 }, and 
(y,x 2 ,... ,x n ) is an essential tuple for p. 

Denote a = (xi,...,x n ). Suppose /3 £ pdS, and a',/3' are key tuples 
obtained from a and ft by changing the first component. Since two tuples 
from p fl 8 cannot differ in just one component, a unary vector-function that 
maps a' to ft' and preserves p also maps a to ft. This means, that for every 
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tuple /3 = (x 1 !,..., x' n ) £ pilS and every y £ A 1 \ { x ' x } the tuple (y, x' 2 , ■ ■ ., x' n ) 
is essential for p. 

In the same way as we did for the first component of the tuple, we can show 
that for every tuple (aq,..., x n ) £ p (1 S, every i £ {2, 3,..., n} and every 
y £ Ai\ {xi} the tuple (aq,... , aq_i,y, aq+i, ... ,x n ) is essential for p. 

We want to show that every tuple in ij x • ■ ■ x A n is either essential, or 
from p. Assume the converse, assume that /3 £ (Ai x • • • x A n ) \ p, /3 differs 
from every tuple of p in at least t > 1 components, and t cannot be reduced. 
If t = 1 then /3 is essential because of the above property. Suppose t > 2 
and /? differs from 7 £ p in t components. Without loss of generality let it 
be the first t components. We know that the tuple (/ 3 ( 1 ), 7 ( 2 ),... , 7 ( 71 )) is an 
essential tuple for p. Hence we can change the second component of it to get a 
tuple from p. We denote this tuple by 7 ' = (/3(1), b , 7 ( 3 ),..., 7 (n)). Obviously 
/3 and 7 ' differ in t — 1 components, which contradicts our assumption. This 
completes the proof. □ 

Recall that a connected component of p is called a block of p. 

Theorem 9.4. Suppose cr is a core of arity n > 3 with full pattern preserved 
by a WNU f. Then 

(1) Every block of cr containing a key tuple equals B 1 x • ■ • x B n for some 

, B n C A. 

(2) For every block B = B\ x • • ■ x B n containing a key tuple the in¬ 
tersection cr n B can be defined as follows. There exist an abelian 
group (G; +), whose order is a power of a prime number, and bijective 
mappings (f>i : Bi —»• G for i = 1,2,..., n such that 

er 0 B — {( 27 , ...,x n ) | <^i(aq) + 2 (x 2 ) + ■ ■ ■ + 4> n {x n ) = 0}. 

Proof. The first statement follows from Theorem 19.31 Let us prove the sec¬ 
ond statement. Suppose B = B 1 x ■ • • x B n is a connected component of 
cr containing a key tuple for cr. Let us show that cr n B is a strongly rich 
relation. Without loss of generality it is sufficient to prove that for every 
a £ B 2 x • • • x B n there exists a unique b £ B\ such that ba £ cr. Since 
B C cr, there exists b £ B\ such that ba £ cr. It remains to prove that b is 
unique. Assume that b'a £ cr for b' £ B\ \ { 6 }. By Corollary 19.21 every tuple 
from cr n B belongs to a key block, therefore two tuples ba, b'a belong to the 
same key block. This contradicts Theorem l7.18l 

Thus we proved that cr n B is a strongly rich relation. By Lemma 15.71 
and Lemma 15.81 the connected component B is preserved by /. Then by 
Theorem IQ we have an abelian group (G; +) and bijective mappings f>i : 
Bi —> G for * = 1, 2,..., n such that 

CT (~l B = {(Xl, ...,X n ) | ^l(Xi) + </> 2 (X 2 ) + • ■ ■ + 4>n{Xn) = 0}. 

Suppose T is a vector-function preserving cr which maps a tuple from B to a 
tuple from B. Then we can check that maps any tuple from B to a tuple 
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from B, i.e. \f r preserves er D B. Therefore, er D B is a key relation on B , and 
by Lemma 17.171 the order of the group G is a power of a prime number. This 
completes the proof. □ 

9.2. Blocks of a key relation. In this section we always assume that p 

is a key relation of arity n > 3 with full pattern preserved by a WNU fo 

of arity mo, er is a core of p. Using Lemma [5.51 we can find a WNU f of 

IAI 1 

arity m = m 0 ' preserving p and satisfying the following property: for every 
a £ A n we have h(h(x )) = h(: r), where h(x) = /(a,..., a, x). 

Lemma 9.5. Suppose a tuple (bi,... ,b n ) witnesses that (ai,... ,a n ) is an 
essential tuple for p, Q is a vector-function such that f2(p) C er, U(ai,..., a n ) 
belongs to a block B\ x ■ ■ • x B n of cr. Then Q maps tuples from the set 
/ (1) ({a !,h} m ) x / (2) ({a 2 , & 2 } m ) x x f {n) ({a n ,b n } m ) to the block B x x 
• • ■ x B n . 

Proof. First, for every a G we show that there exist C 2 ,...,c n G 

A such that (/^(o), c 2 ,..., c„) G p, and the tuples (/ (1 ^(a), c 2 ,..., c„), 
(ai,...,a n ) are connected in p. Without loss of generality we can assume 
that a = b{ Put 

Pi , a„), 

& =(/ (1} (6iar < ). / (2) (a^r 4 ), 03, 

We can easily check that <5^ G p. If Pi ^ p, then the tuple 

(/ (1) (6iai* _i ), / (2) (4 _1 ^“ i+1 ). / (3) «“^3), • • • , / (n) (C _1& n)) 
witnesses that pi is an essential tuple. Therefore we have a path (oi,..., a n ) — 

ho — Pi ~ 5\ — p 2 — $2 - Pj — hj. By the definition, ^ (1) = which 

completes the first step. 

Therefore, fl 1 ' 1 ' 1 (f i ' 1 \a)) G B\. In the same way we prove that for every 
i G {1,2,... ,n} and a G {a*, bi} m we have fiM(/W(a)) G 13^. This completes 
the proof. □ 

Lemma 9.6. Suppose {A\ x ■ ■ • x a block of cr defined by 

(Ai x • • • x A n ) n cr = {(xi,. ..,x n ) | 0i (xi) + ... + 0 n (x„) = 0}, 

where <pi is a bijective mapping from Ai to G, and ( G ; +) is an abelian group. 
Then the order of every element in G divides m — 1. 

Proof. To simplify explanation we assume that A\ = G and 4>i{x) = x. By 
Lemma l7.31 we can find a WNU /g of arity mo preserving cr. Using Lemma l5.7l 
and Lemma [5781 we show that /g preserves the block A\ x • ■ ■ x A n . Then, by 
Lemma 16.51 there exists an integer to such that 

/g (1) (xi, . . . ,X mo ) = to -XI + t 0 • X 2 + . . . + to • X mo . 

Let k be the order of an element in the group G. Since /g is idempotent, 

I AI* 

mo and k are coprime. Recall that m = m 0 '. By Fermat-Euler theorem 
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we have to= 1( mod fc), where (f> is the Euler’s totient function. Hence 
JA|! 


m — 1 = m n 


□ 


-, 0 — 1 is divisible by k. This completes the proof. 

Lemma 9.7. Suppose a = (a\,... ,a n ), j3 = (di,..., aj_i, bj, aj+i,..., a n ), 
a, /3 G p, a ^ p. A vector-function H maps a to the block A± x ■ • • x A n of cr, 
£l(p) Q cr, and (A x x ■ • • xi n )ricr = {(* 1 , ...,x n ) | <f)i(xi) + .. . + ^ n (x n ) = 0 }, 
where <pi is a bijective mapping from At to G, and (G; +) is an abelian group. 
Then for every (ci, C 2 ,..., c m ) € {oj, bj} m we have 

nW(/ (i) (ci,C 2 , . . . , C m )) = ^(^(^(d)) + • • ■ + <^(fl«(c m ))). 

Proof. To simplify explanation we assume that Ai = G and <f>i{x ) = x for every 
i G {1,2, ...,n}. Denote g(xi ,..., x m ) = Cl(f{x i,...,x m )), A = A\X-■ -Y.A n . 
We consider two cases. 

Case 1. Assume that /? G p. Without loss of generality assume that j = 1. 
It is sufficient to prove that for every i G {0,1,..., to} we have 

D ( 1 )(/ ( 1 ) (&i,... , 61 , 01 ,... ,oi)) = i ■ D ( 1 ) ( 6 i) + (to - i) • fl ( 1 ) (ai). 


Let the tuple (61 

£*» = (/ (1; (6i u], 

p(!) 


., b n ) witness that a is an essential tuple. Let 




A = (/ w (61or i ) ! / (2) ( 


*), f <%?-%),at,...,On), 


l 2 u 2 


), 0-3, . . . , O n ). 


By Lemma f9~5l $1 maps tuples a* and Pi to A. Since a^Pi G p, we have 


)+ g ( 2 )(46r i )+9 (3) («r 1 fe)+9 (4) (an + .. . + <7 (n) (<C) = 0, 


g( 1 )(6r 1 ar- i+1 ) 

9 (1) {bla?-*) + g (2) (a^) + g™ («-) + g A) «) + ...+ (a™) = 0. 

Subtracting these equations we obtain the following for every i 


g {1) (6*i 


l )=ff (3) (ar^3)-9 (3) (aD 


Therefore 

g ( 1 )( 6 ia{"- i ) = 0 «(oi) + i ■ (g^(a^~%) - n^(a 3 )). 


( 2 ) 


Obviously H 


a 3 
<24 

,n 

f / (2) (6?- 1 4)\ 

/ < 3 ) « _ 1 63) 

a4 

V «„ J 


V a'n / 


G er and, by Lemma 19.51 


these tuples belong to the block A. Therefore we can subtract the equations 
corresponding to these tuples to get 

9 ^( 0 ?-%) - 0«(oi) = g® {<%-%) - rt 3 \a 3 ). 

Combining this with the equation @ we get the following equation 

gWibla?-*) = nW(ai) + * • (g^ia^h) - H«(ai)). (3) 

Put i = to. By Lemma 19.61 the order of any element in G divides to — 1, hence 

H«(6i) = fi«(ai) + to • (<7«(ar“%) - ^ (1) M) = 9 ^( 0 ?-%). 
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By Equation ([3]) we get g ( - 1 \b\a 1 f'~' 1 ) = i ■ + (m — i ) • which 

completes the first case. 

Case 2. Assume that a and (3 are essential tuples for p. Without loss of 
generality, assume that j = 1. Since a and (3 are essential, we can find 62 and 
b 3 such that 


(ai, 62, 03 ) - • ■ , Ora)) (bi,Cl2, 63, CI4, ■ ■ • , 0 , n ) £ p. 

Obviously, it is sufficient to prove that for every i £ { 0 , 1 ,..., n} we have 
0 (1) (/ (1) (ai,... ,01,61,... ,&i)) = i ■ O (1) (oi) + (m -i) ■ ft (1) (6i). 

'-v-' 

i 

Let ai = . ,a n ). We know from 

Lemma l 9 . 5 l that Q maps tuples ai to A, and ai £ p, therefore £ cr 1 which 
means that 

g { 1 \a\bT- i )+g { 2 \b^- i )+g^\aib^- i )+g^(aT) + .. • +g {n \a™) = 0 . ( 4 ) 

Since we already proved case 1 , we have 

p (2) {b l 2 a^~ l ) = i ■ f^ 2 )(6 2 ) + (m - i) • Sl (2) (a 2 ), 

p (3 ^(og6™ -1 ) = * • 0^(03) + (m — *) • fl^ 3 \b. 3). 

Subtracting the equation ( 0 )) for i and i — 1 , and using the above equations we 
get 

- 9 (1) K _1 &r“ I+1 ) = ^(o 2 ) - tt (2) (6 2 ) + ft {3) (6 3 ) - rt 3 \a 3 ). 

Therefore, for every i we have 

= nMfa) + i • (ft (2) M - ^ 2 \b 2 ) + & 3 \b 3 ) - ft (3) M). 

Since (01,62,03,04,..., a„), (61,02,63,04, £ p, we have 

O (1) (oi) + Q (2) (6 2 ) + L! (3 ) (o 3 ) = L! (1) (6i) + 0^(02) + 0^(63). 

By Lemma 19.61 the order of any element in G divides m — 1 , hence 

= n^ 1 ^(6i)+L(f2^ 1 ^(ai)—n^^(6i)) = i-Cl^\ai)+(m— z)-fi^(6i). 

□ 

Corollary 9 . 8 . Suppose a = (oi,..., a n ), j 3 = (oi,..., Oj-i, bj, Oj+i,..., a n ), 
a, /3 £ p, a p or (3 p, a vector-function Q maps a, (3 to a nontrivial block of 
<j containing a key tuple and f 2 (p) C er. Then ... ,aj, bj)) = Q(bj). 

Proof. Suppose f l maps a, f 3 to the block A\ x • • • x A n of cr, and 

(Ai X • • • X An) n <7 = {(cci, ...,X n ) | 4 >l(xi) + . . . + 4 >n{x n ) = 0 }, 

where <f>i is a bijective mapping from A; to G, and (G; +) is an abelian group. 
Then by Lemma 19.71 we have 

n U) (f U) ( aj ,.. ..a= Oj '(oA^f",)) ■ ■ ■ • • O j {V.' l) (a,)) -o ; i!L' : (6,))). 
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By Lemma 19.61 the order of any element in G divides m — 1, hence 

/ “i \ / fti \ / “i \ ~ / J'i \ 

Lemma 9.9. Suppose “3 1 , <4 ) , <4 gp. Then 4 6p 


Proof. It follows from the definition that there exist b 3 , C 3 , cfe € A such that 



If 5 £ p, then we are done. Assume that <5 ^ p, let us prove that <5 is 
essential for p. 


Let C = {bi,b 2 , f i3 \c 3 , & 3 ,..., b 3 , d 3 ), 04 ,..., a n ). Assume that ( £ p. Since 
p is a key relation, we can map 4 to a key tuple of er ,which by Lemma 17.21 
is a key tuple of p, and then we can use a restricting vector-function for the 
core er. Thus, we get a vector-function 'L that maps f to a key tuple of er such 
that 'L(p) C er. 

Since /3 and 7 are essential, (a[, b 2 ,a 3 ,..., a n ), (bi,a 2 , a 3 ,..., a n ) £ p for 
some a[, a 2 £ A. Put /3" = (a[,b 2 , a 3 ,..., a n ) and 7 " = (bi,a 2 , a 3 ,..., a n ). 
Since d>(4) is key tuple, there exists a tuple 4 e er that differs from T(4) just 
in the third component. Obviously, 'L(cj) can differ from 4 only in the third 
component, can differ from v k(^") only in the first component, can differ from 
'L( 7 ,/ ) only in the second component. Thus \H( 6 ) is either a weak essential tuple 
for er, or (<5) € er. If \J>(<5) £ er, we apply Lemma l9Tl to tuples 4 — ^(<5) — 
'L(/3") and show that belongs to a key block. Thus, 'L(a), H/(/3), Hi( 7 ) 

belongs to a block of er containing a key tuple. By Theorem 19.111 every block 
of er containing a key tuple can be represented as Aj x x A n . Hence, 
^(a), (/3), ^( 7 ), ^(5), dt (4 belong to one nontrivial block of er containing a 

key tuple. 

Let us prove that 'pWfhi) = , 01 ,..., asi)). If a p or /3 ^ p 

then it follows from Corollary 19.81 Assume that a,/3 £ p. Then ^(/S) and 
... ,a)) belong to the nontrivial block of er we mentioned before. 
Hence, they belong to a nontrivial block containing a key tuple but differ at 
most in one coordinate. By Theorem 19.41 they are equal, and = 

vEr (1) (/ (1) (6i, a i,..., a i)). 

In the same way we prove that (b 2 ) = « 2 , • ■ • ,a 2 ))- 

Therefore, \H(£) = ^(/(/T, a',..., a', 7 ')), which contradicts the fact that 

vk(C) £ P . 

Thus, we proved that ( £ p, which means that the third coordinate of 5 can 
be changed to get a tuple from the relation p. In the same way we prove that 
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we can change any other coordinate of 5 , which means that <5 is an essential 
tuple. This completes the proof. □ 

The following theorem follows directly from the previous lemma. 

Theorem 9.10. Suppose p is a key relation of arity greater than 2 with full 
pattern preserved by a WNU. Then every connected component of p can be 
represented as Ai x • • • x A n for some ..., A n C A. 

Now we are ready to prove the main theorem for key relations with full 
pattern. 

Theorem 13.111 Suppose p is a key relation of arity greater than 2 preserved 
by a WNU f, the pattern of p is a full equivalence relation. Then 

(1) Every block of p equals B\ x ■ ■ • x B n for some B \,..., B n C A. 

(2) For every nontrivial block B = B\ x • • ■ x B n the intersection pDB can 
be defined as follows. There exists an abelian group (G; +), whose order 
is a power of a prime number, and surjective mappings <f>i : Bi —>• G 
for i = 1, 2,..., n such that 

pn B = {(xi, ...,x n ) I 0i(xi) + 02 (x 2 ) + . . . + <j>n{x n ) = 0}. 

Proof. The first statement follows from Theorem l9.10l Let us prove the second 
statement. Suppose B = B i x • • ■ x B n is a nontrivial block of p. By Lemma [5.7l 
and Lemma 15.81 the connected component B is preserved by /. 

Let er be a core of p. Suppose C = C\ x • • ■ x C n is a nontrivial block of er 
containing a key tuple for er. By Theorem 19.41 

CT Id C = {(Xl, ...,X n ) | 01 (Xi) + 0 2 (£ 2 ) + • • • + 4>n{x n ) = 0} 
for an abelian group (G; +) and bijective mappings 0* : Ci —> G. Put 

Cj(x, y) = 32i... 32i_i32 i+ i.. .3 z n B(zi ,..., 2 j_i, x, z i+1 ,.. .,z n ) A 

p(zi,..., Zi- 1 , x, z i+ 1 ,..., z n ) A p(zi,..., Zi-i, y, z i+1 ,..., z n ). 

Let us show that ai(x,y) is an equivalence relation on Bi for every i £ 
{1,2,...,n}. Without loss of generality we prove for i = 1. It is sufficient 
to prove that for every a,/3 G T ra_1 ,a, b G A such that aa,ba £ p fl B we 
have a(3£p<lB<!£>b(3£pr\B. Assume the converse. Let a/3 ^ p fl B 
and 6/3 £ p fl B. Since p is a key relation and, by Lemma 17/21 any key tuple 
of er is also a key tuple of p, we can find a vector-function 4^ that maps a/3 
to a key tuple of C such that T(p) C er. We can easily check that T maps 
a/3 and every tuple from B to the connected component C. Since aa, ba £ p 
we obtain 4/(aa), 'L(6a) £ cr and 'L^/a) = 4'^ 1 ^(6). This contradicts the fact 
that 'L(a/3) ^ er and 4'(6/3) £ er. 

Thus, er, is an equivalence relation preserved by the WNU . Then we 
have an algebra B,; = (!{; f^) and er,; is a congruence for the algebra. Then 
we consider the factor-algebra Bi/cr,; which we denote as {Dp, gf) and a natural 
homomorphism (fii that maps Bi to D.;. Put g = (t/i,... ,g n )- Let us define a 
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relation p' C D x x---xD n . Put (<fii{xi),..., <p n (x n )) G p' {x x ,..., x n ) G p. 
As we proved before, for every a, /3 G A" -1 , a, b G A such that aa, ba G pPi B 
we have af3£pr\B<=>bf3£pP\B. Hence, the relation p' is well-defined. We 
can check that p' is a strongly rich relation that is preserved by the WNU g. 
Then by Theorem l6.7l we have an abelian group (G"; +) and bijective mappings 
ipi : Di —> G' for * = 1,2,..., n such that 

p' = {(xi, . . . ,X n ) | ^i(xi) + 1p 2 (x 2 ) + . . . +1pn{x„.) = 0}. 

Then the original relation can be defined as follows 
pnB = {(xi, . . . ,X n ) I 1 pi(pi(xi)) + 1p 2 (<P2(x 2 )) + ... + 1pn(<Pn(x n )) = 0}- 

It remains to show that the order of the group G' is a power of a prime 
number. We know from Theorem 19.41 that the order of the group G is a power 
of a prime number p. Assume that the order of the group G' is not a power of 
a prime number. Choose an element ci G G' whose order is a prime number 
that differs from p, and an element c 2 G G of order p. Denote one of the 
tuples corresponding to (ci, 0,..., 0) in B by a x , and the tuple corresponding 
to (c 2 , 0,..., 0) in C by a 2 - Since a 2 is a key tuple for p , there exists a unary 
vector-function Cl that preserves p and maps a x to a 2 - Since cr is a core, then 
there exists a restricting vector-function Cl'. Obviously, Cl' o Cl maps p to cr 
and maps the block B to the block C. Then, by Lemma [7 . 151 the order of C 2 
in G divides the order of Ci in G'. This contradiction completes the proof. □ 
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